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Abstract. We give formulas for the extension groups between tautological sheaves and more 
general between tautological objects twisted by a determinant line bundle on the Hilbert 
scheme of points on a smooth quasi-projective surface. We do this using L. Scala's results 
about the image of tautological sheaves under the Bridgeland-King-Reid equivalence. We 
also compute the Yoneda products in terms of these formulas. 



1. Introduction 

For every smooth quasi-projective surface X over C there is a series of associated higher 
dimensional smooth varieties namely the Hilbert schemes of n points on X for n G N. They 
are the fine moduli spaces of zero dimensional subschemes of length n of X. Thus, there 
is a universal family H together with its projections 

Using this, one can associate to every coherent sheaf F on X the so called tautological sheaf 
fI"! on each X'"! given by 

i^'"^ :=pr^[„j,pr3,F. 

More generally, for any object of the bounded derived category F' € T)^{X) using the Fourier- 
Mukai transform with kernel the structural sheaf of H yields the tautological object 



It is well known (see Fog68| ) that the Hilbert scheme X'"] of n points on X is a resolution 



of the singularities of S'^X = X"/(3„ via the Hilbert-Chow morphism 

For every line bundle L on X the line bundle L^" G Pic(X") descents to the line bundle 
(L^"")®" on S^X. Thus, for every L G Pic(X) there is the determinant line bundle on X'"! 
given by 

Vl :=^*((L^")®"). 

One goal in studying Hilbert schemes of points is to find formulas expressing the invariants 
of X'"] in terms of the invariants of the surface X. This includes the invariants of the 
induced sheaves defined above. There are already some results in this area. For example, 
m |Leh99] there is a formula for the Chern classes of F'"] in terms of those of F in the 
case that F is a line bundle. In [ BNW07] the existence of universal formulas, i.e. formulas 
independent of the surface X, expressing the characteristic classes of any tautological sheaf 
in terms of the characteristic classes of F is shown and those formulas are computed in 
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some cases. Furthermore, Danila ( [DanOOj . [DanOlj . |Dan07j ) and Scala ( |Sca09aj . |Sca09b] ) 
proved formulas for the cohomology of tautological sheaves, determinant line bundles, and 
some natural constructions (tensor, wedge, and symmetric products) of these. In particular, 
in [Sca09b| there is the formula 

(1.1) H*(x["],f["1 (g)pL) ^ H*(F«)L) «)5"~1h*(L) 

for the cohomology of a tautological sheaf twisted by a determinant line bundle. In this 
paper we compute extension groups between tautological sheaves and more generally twisted 
tautological objects, i.e. tautological objects tensorised with determinant line bundles. Our 
main theorem is the existence of natural isomorphisms of graded vector spaces 

Ext*(^' ^L,F' 0M) ® 5"-^Ext*(L,M)e 

Ext* {E' ®L,M)(^ Ext* {L,F' (^M)(^ S'""^ Ext* (L, M) 



for objects E*,F* G D*(X) and line bundles L,M € Pic(X). We also give a similar formula 
for Ext*((£;')W ^Vl,Vm)- Since Voj, = C'xN' by setting L = M = Ox the extension 
groups and the cohomology of the dual of non-twisted tautological bundles occur as special 
cases. As an application of the formula for the extension groups we show for X a projective 
surface with a trivial canonical bundle that twisted tautological objects are never spherical 
or P'^-objects in D''(xN). 

We will use Scala's approach of |Sca09aj . which in turn uses the Bridgeland-King-Reid 
equivalence. Let G be a finite group acting on a smooth quasi-projective variety M. A G- 
cluster on M is a zero-dimensional closed G-invariant subscheme Z of M where T{Z,Oz) 
equipped with the induced G-action is isomorphic to the natural representation (C^. Bridge- 
land, King and Reid proved in [BKROlj that under some requirements the irreducible compo- 
nent Hilb'^(M), called the Nakamura G-Hilbert scheme, of the fine moduli space of G-clusters 
on M which contains the points corresponding to free orbits is a crepant resolution of the 
quotient M/G. Furthermore, they showed that the G-equivariant Fourier-Mukai transform 
with kernel the structural sheaf of the universal family Z of G-clusters 

$ := <^>Oz : D''(Hilb'^(M)) ^ D^(M) 

between the bounded derived category of IIilb*^(M) and the equivariant bounded derived 
category D^(M) = D^(CohG(M)) of M is an equivalence of triangulated categories. Hence, 
$ is called the Bridgeland-King-Reid equivalence. Haiman proved in [HaiOlj that X'"' is 
isomorphic as a resolution of S"X to IIilb®"(X") with the isospectral Hilbert scheme 

as the universal family of S„-clusters. Furthermore, the conditions of the Bridgeland-King- 
Reid theorem are satisfied in this situation. Thus, there is the equivalence 

^■■=^Cx''"-- D''(XW)^D^JX"). 

In general, for £*,J^* G D''(^) objects in the derived category of any abelian category with 
enough injectives and every k G 1i there is the identification Ext'^ {£* ,T')= Homj-^i^^^^ {£' , [k] ) . 

Using this, we can compute extension groups on Xl"! as ©^-invariant extension groups on 
X" after applying the Bridgeland-King-Reid equivalence, i.e. for £' G D*(X["]) we have 

Ext^(„j(r,7-) ~ 6„Ext3,„($(r),$(7-)). 
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Using the quotient morphism vr : X" — )■ S^X the right-hand side can be rewritten further as 

©„Ext^„(cI>(r),cI>(^*))) [TT.RUomx^mnMnf'')- 

So instead of computing the extension groups of tautological sheaves and objects on X'^^^ 
directly, the approach is to compute them for the image of these objects under the Bridgeland- 
King-Reid equivalence. In order to do this we need a good description of ^ D^^(X") 

for F^"^^ a tautological sheaf. This was provided by Scala in |Sca09a] and |Sca09b| . He 
showed that <I>(F['^1) is always concentrated in degree zero. This means that we can replace 
4? by its non-derived version p^q* where p and q are the projections from I^X to X"^ and 
Xt*^! respectively, i.e. we have ~ p=Kg*(-Ff'^l). Moreover, he gave ioi p^^q* {F^""^) a right 

resolution Cp. This is a (3„-equivariant complex associated to F concentrated in non-negative 
degrees whose terms are of the form 

n 

C% = ®V<F , Cl= F,forp>0. 

i=l /C[n],|/|=p+l 

Here, Fj denotes the sheaf t/*p}-F, where ii : A/ — > X" is the inclusion of the partial diagonal 
and Pi : Aj — t- X is the projection induced by the projection pr^ : X" — > X for any i € F 

The main step of the proof of the main formula is to compute [ir^RT-Lomx^i^iE^^^), ^{F^"'^)Y 
in the case of tautological bundles, i.e. for E, F locally free sheaves on X. We show that 

(1.2) [7r,i??^om($(sM), $(fW))]6" ~ [vr, nom{C'^E, C^)]®" • 

In particular the S„-invariants of the higher sheaf-Ext vanish. The isomorphism in degree 
zero is shown using the fact that the supports of the terms for p > have codimension 
at least two and the normality of the variety X^. For the vanishing of the higher derived 
sheaf-Homs we do computations in the spectral sequences associated to the bifunctor 

nom ( . ) := [ir^nomxn{_,_)f^ 

and the complexes and Cp. We can generalise (jl.2p from locally free sheaves E and F 
to arbitrary objects E*,F' € D''(X) by taking locally free resolutions on X and using some 
formal arguments for derived functors. Using the fact that ^{F* ®T>l) ~ (^{F') ®L^^ holds 
for every object F' G D^(XM) we can generalise further to twisted tautological objects and 
get 

T^.RUomimE'f'^ ®Vl),^{{F'P ®Vm)) 

Then we can compute the desired extension groups as the cohomology of the object on the 
right and get the main theorem. There is also a similar formula for the extension groups 
between two determinant line bundles and we can apply our arguments to generalise Scala's 
result to get a formula for the cohomology of twisted tautological objects. So now there 
are formulas for Ext^[„] (J-"*, whenever both of F* and Q* are either twisted tautological 
objects or determinant line bundles. In the last section we describe how to compute all the 
possible Yoneda products in terms of these formulas. 

The author wants to thank his adviser Marc Nieper-Wifikirchen for his many valuable 
suggestions. He thanks Malte Wandel for interesting and helpful discussions about the topic 
of this paper. 
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2. Notations and conventions 

Given an abelian category A we will write = for isomorphisms in A and ~ for iso- 
morphisms in the derived category D(^). If an object A A shows up on one side 
of the sign ~ it is considered as the complex with A in degree and vanishing terms 
elsewhere. If we want to emphasize that an isomorphism is G-equivariant we will 
sometimes write =g respectively 

For an exact functor F: A ^ B between abelian categories wc write again F for the 
induced functor D(^) — )■ D{13) on the level of the derived categories. If we want to 
emphasize that the image of a complex A* G D^(^) under F is computed by applying 
F: A B term-wise we write F(A)' instead of F{A'). We also sometimes write 
F{A') in formulas for object in the derived categoies when F is not exact although 
in this case F is not a functor between the derived categories. This means that we 
apply the functor Kom(F) to the complex A* and consider it again as an object in 
the derived category afterwards. 

Let C* G D''(^) for any abelian category A. We write 'W'iC*) for the i-th cohomology 
of a complex, i.e. W{C*) = ker((i*)/ im((i*^^). If ^ = Coh{X) is the category of 
coherent sheaves on a scheme X, we write C*) for the i-th (hyper-)cohomology 

of the complex of sheaves, i.e. H*(X, _) = i?T(X, _). We will often drop the X in 
the notation, i.e. we write H*(_) := H*(X, _), especially when X is a fixed smooth 
quasi-projective surface. 

On a scheme X the sheaf-Hom functor is denoted by T-Lomox-, T~iomx or just Tiom. 
We write (_)^ = 'Hom{_,Ox) for the operation of taking the dual of a sheaf and 
(_)^ = Rnom{_, Ox) for the derived dual. 
All varieties are reduced and irreducible. 

Graded vector spaces are denoted by V* := ©jgsy*[— i]. The symmetric power of 
a graded vector space is taken in the graded sense. That means that S'^V* are the 
coinvariants of (y*)®" under the ©^-action given on homogeneous vectors by 

a{ui (S) ■ ■ ■ (g) Uk) := £a,pi,...,p^{ua-i(i) (8) • • ■ ® u^-i{k)) ■ 

Here the pi are the degrees of the Ui and the sign £a,pi,...,pf, is defined by setting 
£T,p\,...,pk — (— for the transposition r = (i , i + 1) and requiring it to be 
a homomorphism in a. Since the graded vector spaces we will consider are defined 
over C, the coinvariants under this action coincide with the invariants under the 
isomorphism 

• • - -Un ^ «> • • • U^-i(fe)) • 

For every positive integer n G N we set [n] := {1,... ,n}. For any subset I C [n] 
we denote by I = [n] \ I its complement in [n]. We denote by (3/ the group of 
permutations of the set / and consider it as a subgroup of &n = ©[n]- better 
readability we sometimes write &i instead of ©j. 

We will often write the symbol "PF" above an isomorphism symbol to indicate that 

the isomorphism is given by the projection formula. Also we use "If" when the given 
isomorphism is because of some sheaf being locally free and thus a tensor product or 
sheaf-Hom functor needs not to be derived or commutes with taking cohomology. 
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• Let l: Z ^ X he a closed embedding of schemes and let F G QColi(X) be a quasi- 
coherent sheaf on X. The symbol F\z will sometimes denote the sheaf i*F G QCoh(Z) 
and at other times the sheaf i.^i*F € QCoh(X). The restriction morphism 

F ^F\z = i^i*F 

is the unit of the adjunction (i*, i*). The image of a section s & F under this morphism 
is denoted by s\z- 

3. EQUIVARIANT SHEAVES 

Basic definitions. Let G be a finite group acting on a scheme X. All group actions will be 
left actions. Let F € QCoh(X) be a quasi-coherent sheaf. A G -linearization on F is a family 
of Ox-linear isomorphisms {Xg : F g*F)g^G with the properties Ae = id and 

\hg = g*\h oXg-.F^ g*h*F ^ {hgYF . 

A quasi-coherent sheaf F G QCoh(X) together with a G-linearization is called a G-equivariant 
sheaf or just a G-sheaf. For two G-sheaves {E,\), {F^jj) the group G acts on Homo^(£', F) 

by 

A morphism of G -sheaves is an Ox-linear morphism of the underlying ordinary sheaves which 
is invariant under this action, i.e. 

GHomo^(E,F) := (Homo^(E, F))^ = {^■. E ^ F \ iXg o ^ = {g*ip) o Xg^g e G} . 

This gives the abelian category QCoh.Q{X) of G-equivariant sheaves on X. The full abelian 
subcategory of G-sheaves whose underlying sheaves are coherent is denoted by CohaiX). 

Inflation and Restriction. For every subgroup H C G there is the restriction functor 
Resg: qCoha{X) QCoh^(X) given by restricting the G-linearization of a G-sheaf F to 
a iJ-linearization. In the special case H = 1 we call the functor 

For := Res^: QCohcCX) ^ QCoh(X) 

also the forgetful functor. We choose a system of representatives of H\G. Then there is the 
inflation functor 

Infg: QCoh^(X) ^QCohG(X) , Infg(F,A):= g*E 

[g]eH\G 

depending only by canonical isomorphism on the chosen representatives. The G-linearization 
H of Inf^(F) is given as follows. For every a € G and g one of the chosen representatives of 
the classes in \ G there exist uniquely h E H and g one of the chosen representatives such 
that h • g = g ■ a. Now for a local section s = {sg E g* E)\^g\^^jj\G define fJ'a{s)g € cr*g*E as 
the image of under the isomorphism 

g*E ^*4'' g*h*E ^ {hg)*E = {ga)*E ^ a*g*E . 

The inflation functor is left adjoint to the restriction functor. The adjoint pair 

Infg: QCoh^(X) ^QCohG(X): Res^ 

clearly restricts to an adjoint pair of the full subcategories of cquivariant coherent sheaves. 
Both the inflation and the restriction functor are exact. Let G act transitively on a set 
I. Let be a G-sheaf on X where the underlying ordinary sheaf admits a decomposition 
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M. = ®i^iM.i such that for any i E I and g G G the Unearization A restricted to Mi is 

an isomorphism A^: Mi ^ 9*Mg{i). Then the G-Unearization of M restricts to a StabG(i)- 
hnearization of A^^. 

Lemma 3.1. Under these assumptions for every i E I we have M =g ^^^stab(i) •hi- 
proof. We only have to show that M fulfills the adjointness property of Inf^jg^j^(^^-)(A^j). Let 
( J^, fi) be a G-sheaf and (p: M ^ a, G-equivariant morphism. For j G / let ipj : Mj — >■ T 
be the component of (p. Choose a g e G with g{j) = i. Then by the G-equivariance 

^j=tJ'g^°{g*^i)°{^g\Mj)- 

Thus (f is determined by the Stab(z)-equivariant morphism (pi. On the other hand every 
given Stab(i)-equivariant morphism ipi: Mi J- gives rise to a G-cquivariant (p: M J- 
by taking the above equation as the definition of the other components. □ 

Remark 3.2. Conversely the inflated sheaf as defined above can be written in the form of 
M from above by setting I = H \ G with a £ G acting on / by a{Hg) = Hga~^. 

Schemes with trivial G-action. If G acts trivially on X, a G-linearization of F is just 
a G-action on F, i.e. a family of G-actions on F(U) for each open subset U C X, which 
are compatible with the restrictions. Thus, in this case there is also the functor of taking 
invariants [_]'^ : QCoh(5(X) QCoh(X) given by F^{U) := [F{U)]^. If the scheme is 
defined over a field of characteristic zero the functor of taking invariants is exact because of 
the existence of the Reynolds operator. Considering an ordinary sheaf on X as a sheaf with 
the trivial G-action also yields an exact functor triv: QCoh(X) — >■ QCoh.Q{X). Togethter 
these functors form the adjoint pair 

triv: QCoh(X) ^QCohG(X): [_f 

Again both functors restrict to functors between the coherent categories. We will write 
interchangeably LJ"^ and (_)*^ or leave the brackets away. 

Equivariant geometric functors. Let G act also on another scheme Y and f-.X^Yhe 
an G-equivariant morphism. Then there are the equivariant geometric functors 

®,nom: QCoh(j(X) x QCohcCX) ^ QCohG(X) , 

/* : QCohG(X) qCdhaiY) and /* : QCohG(r) QCohcCX) which are defined in a 
canonical way such that they are compatible with the corresponding non-equivariant functors 
via the forgetful functor. More concretely, since / commutes with the action of every a £ G 
for D,E e QCoh(X) and F G QCoh(y) there are natural isomorphisms f*a*F = a*f*F, 
f*a*E ^ a*f^E (flat base change) and a*D (g) a*E '^a*{D® E). This allows us to define the 
G-linearization of the pull-back, the push-forward and the tensor product as the pull-back, 
push-forward and tensor product of the G-linearization of the original sheaves. Since the 
morphism a is an automorphism, the natural morphism a* %om{D, E) — > 'Hom{a*D, a*E) is 
also an isomorphism. Using this identification, the linearization a of 'Hom{D, E) is given by 
afj{p) = (yUg-i^) o p o (A^i^) where (p E 'Hom{D, E){U) for an open subset U C X and A and 
jj, are the linearizations of D and E. Because of the compatibility with the forgetful functor, 
all these functors restrict to functors between the full subcategories of coherent sheaves if 
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and only if the corresponding non-equivariant geometric functors do. Every G-linearization 
induces a G-action on the global sections of X. Hence, there is also the functor 

T{X,_): QCoh(X) ^ Mod(Z[G]) 

mapping to the category of abelian groups equipped with an additive G-action. If X is defined 
over a field k we always assume the structural morphism X — >■ Spec k to be G- invariant, i.e G 
acts fc-linear on X. Thus, in this case the global sections functor factorises over the category 
of fc[G] -modules. We have the formula 

GRom{D,E) = [T{X,'Hom{D,E))f . 

Lemma 3.3. Let H < G be a subgroup, 8 a G-sheaf and T a H-sheaf on X. We set 
Inf = Inf^ and Res = Res^. Then 

8®lniF Inf(Res(£') ® .F) , nom{£,lniJ^) =G lni{nom{Res£,T)) , 
nom{InfT,£) Inf {nomiT, Res £)) . 

Proof. The underlying sheaf of £^ (8> Inf is ®[g]^H\G^ ® 9* ^- For a € G the u-linearization 
of £" (8" Inf maps £ g*F isomorphic to a*{£ ® g*J^), where [g] is the image of [g] under 
the action of a on H \ G defined in remark 13.21 Furthermore the //-linearization on the 
component £ ® F coincides with the //-linearization of Res(i?) ® T . By lemma [3TT] this gives 
the result. The other two cases are proven similarly. □ 

Also the equivariant pull-backs and push- forwards commute with the inflation functor. 

Remark 3.4. Let X be a G-scheme and vr: X — )■ y a G-invariant morphism, e.g. the quotient 
morphism. Then there is the composition 

vr* o triv : QCoh(y) ^ QCoh^lX) , F ^ {it*F, A) . 

For (7 E G we denote in this case also by a^. The map (T*([/) : {Tr*F){U) {Tr*F){a{U)) is 
given for s G {7r*F){U) by {a^{U)s){x) = s{a~^x) for every ring R and every /^-valued point 
X of cr{U). In the later sections, mostly F will be a locally free sheaf and X a variety over C 
In this case it suffices to consider C-valued points x € o-{U). 

Derived equivariant categories. Let from now on X be a noetherian scheme. We denote 
the derived categories as 

DG(QCoh(X)) := D(QCohG(X)) , Dg(X) := DG(Coh(X)) := D(CohG(X)) . 

As usual for * = -|-, — , 6 we denote by DQ(QCoh(X)) respectively Dq{X) the full subcategories 
of complexes with bounded from below, bounded from above or bounded cohomology. For the 
same reasons as in the non-equivariant case (see e.g. [IIuy06[ Prop. 3.5]) the category T>q{X) 
can be identified with the full subcategory of D^(QCoh(X)) of complexes with coherent 
cohomology sheaves. Since they are exact, the functors Inf, Res, and in case of the trivial G- 
action also triv from above define functors on the derived categories. If the scheme X equipped 
with the trivial G-action is defined over a field k of characteristic zero, the functor of taking 
invariants also is defined between the derived categories. For an A;-scheme X with an arbitrary 
G-action let vr : X — >■ y be a G-invariant morphism of fc-schemes, i.e. an equivariant morphism 
when considering Y with the trivial action. Then we can push forward G-sheafs on X along 
vr and take the G-invariants on Y afterwards. If vr* is an exact functor (which is independent 
of considering the equivariant functor QCohQ{X) QCohQ{Y) or the non-equivariant one 
QCoh(X) — )• QCoh(y) because of the compatibility with the forgetful functor), we write for 
short [_\^ instead of [_]*^ o vr^,, which yields also directly a functor on the derived categories. 
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Injective and locally free sheaves. There are always enough injectives in the category 
QCohG'(X) (see |G!ro57[ section 5.1]). 

Lemma 3.5. Whenever a G-sheaf {F,X) € QCoh(j(X) is an injective object also its under- 
lying sheaf F G QCoh(X) is injective. If X is defined over a field of characteristic zero also 
the converse holds. 

Proof. Let (-F, A) € QCoh(j(X) be injective and 

0^ E' ^ E" ^0 

a short exact sequence in QCoh(X). Applying Inf to this sequence yields a short exact 
sequence in QCoh'^(X). By the adjointness of Inf and For we get the following isomorphism 
of complexes: 

^ BomiE', F) ^ Rom{E, F) Hom(£^", F) ^ 



0-^ GRom{Ini E',F) ^ GHom(Inf ^, F) GHom(Inf F) ^ 0. 

Since the lower complex is exact by the injectivity of F as an G-sheaf, the upper one is also. 
This shows the injectivity of F € QCoh(X). Taking invariants of G-representations over a 
field of characteristic zero is exact. Since GIlom{E, F) is defined as the space of invariants 
of Hom(£', F) we get the second statement. □ 

A G-equivariant locally free sheaf is just a coherent G-sheaf whose underlying ordinary 
sheaf is locally free. 

Lemma 3.6. There are enough G-equivariant locally free sheaves in CohciX) if and only if 
there are enough locally free sheaves in Coh(X) 

Proof. Let there be enough locally free G-sheaves in CohG'(X) and let F G Coh(X). Then 
there is a locally free G-sheaf E and a surjection cp: E ^ Inf (F). The component ipe- E F 
is then a surjection in Coh(X). Let on the other hand Coh(X) have enough locally free 
sheaves and consider F € CohG'(X). Then there is a surjection ip: E ^ For(F) from a locally 
free sheaf E € Coh(X). By the adjoint property of the inflation functor there is a map 
Inf(F) — 7- F in CohG'(X). By construction it is still surjective. □ 

Derived equi variant functors. Because of the existence of enough injective equivariant 
sheaves the functors T{X,_), and T-Lom from subsection [3] can be derived to (bi-)functors 

Rr{X,_): D^;(QCoh(X)) ^ D+(Mod(Z[G]), i?/*: D+(QCoh(X)) ^ D+(QCoh(y)) , 

Rnom: D-(QCoh(X))° x D+(QCoh(X)) ^ F»+(QCoh(X)) . 

If there are enough locally free coherent sheaves on Y also the derived equivariant functors 

Lf* : D^(y) ^ D^(X) , _ 0^ _: D^{Y) x D^(y) ^ D^iY) 

exist. Since the forgetful functor maps injective to injective and locally free to locally free 
sheaves, all the equivariant derived functors are compatible with their non-equivariant versions 
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via the forgetful functor, for example the following diagram commutes 

D+(QCoh(X)) D+(QCoh(y)) 



For 



For 



D+(QCoh(X)) > D+(QCoh(y)). 

This implies that (when there are enough locally free sheaves) a derived geometric equivariant 
functor restricts to a functor between the bounded derived categories of coherent sheaves if and 
only if the corresponding non-equivariant functor does. Also the functor G Hom(_, _) of global 
G-homomorphisms can be derived. We define GExt*(_, _) to be the i-th derived functor of 
GHom(_, _). It coincides with Homj^^Qfj^^a —[~''']) • common formulas (see e.g. 

the section "Compatibilities" in |Huy06 chapter 3] ) relating the geometric derived functors 



generalise directly to the equivariant case. In the following lemma we proof one of them as 
an example. 

Lemma 3.7. Let X be a scheme with a G-action such that there are enough locally free 
sheaves on X and the geometric derived bifunctors restrict to 

RHom, (E): D^(X) x D^(X) ^ D^(X) . 

Then for every V,£',T' G D^(X) there is a natural isomorphism 

Rnom{V*,£') ^ Rnom{V,£' (^^ T') . 

Proof. Both sides are computed by taking locally free resolutions and then applying the non- 
derived functors. Thus it suffices to show the formula for locally free equivariant sheaves and 
the non-derived functors. Let {D,X), {E,ii) and {F,u) be G-equivariant locally free sheaves 
on X. It is well known that the map of ordinary sheaves 

T: ■Hom{D,E) ^ F ^ ■Hom{D,E ^ F) , ip ^ s ^ {d ^ ip{d) (S) s) 

is an isomorphism. We only have to show that it is equivariant. We denote the linearization 
of the left-hand side by a and that of the right-hand side by /3. Then for g G indeed 

ig*T){ag{ip <S) s)) = {g*T){{^ig o ^ o A^^) (g) Vg{s)) = {d ^ (fig o ^ o Xg^)id) ® iyg{s)) 

= I3g{d^ ip{d) ® s) 

= Pg{T{^(S)s)). 

□ 



Equivariant Grothendieck duality. Also Grothendieck duality generalises to proper G- 
equivariant morphisms (see |LH09| ). 

Theorem 3.8. Let the finite group G act on schemes X and Y , which are of finite type 
over C, and let f: X ^ Y be a proper G-equivariant morphism. Then there exists an exact 
functor f: D+(QCoh'^(y)) D+(QCoh'^(X)) which is compatible with the non-equivariant 
twisted inverse image functor via the forgetful functor and has the property that for every 
F' G D-(QCoh'^(X)) and G* € D+(QCoh'^(y)) the following holds in D(QCoh<^(y)); 

Rf^R nomY{F',f-g')c^Rn omx {Rf*F' ,g'). 
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We will need the case where f = l: Z ^ X is a regular embedding with vanishing ideal 
Iz of a G-invariant subvariety. In this case the normal sheaf Nz ■= {i*Tz)^ is a locally free 
sheaf of rank equal to the codimension of Z in X. If G acts on a scheme X, the structural 
sheaf always has a natural G-linearization given by = (5^)"^, where (7*: g*Ox Ox is 
the map of sheaves which belongs to the morphism g € Aut(X). Now if Z is a G-invariant 
closed subscheme with vanishing ideal Z, the map g"^ restricts to 5* : g*X X. Thus the 
sheaf X carries a natural G-linearization A. In the following we will always consider Xz and 
Nz equipped with the linearization induced by A. 

Proposition 3.9. Let X he a variety over a field k and l: Z ^ X be the immersion of a 
closed G-invariant local complete intersection subvariety of codimension c with vanishing ideal 
X and Q' G D^(QCoh(X)). Then there are canonical G-equivariant isomorphisms 

(1) 

{i.Ozr ^i,{A''Nz)[-c], 

(2) 

£xt!'{L^Oz,t,Oz) = iM^Nz) yO<k<c, 

(3) 

i-g' ^ Li*g' ^{A'Nz)[-c\. 

That means, that the G -linearizations on the right sides of the formulas are all the ones 
canonically induced by the linearization A ofX. 

Proof. The proposition is proved in chapter 28 of jLH09j in the more general framework of 
diagrams of schemes. How to obtain schemes with a group action as a special case is explained 
in the introduction and chapter 29. □ 

4. Preliminary lemmas 

Derived bifunctors. Let A, B and C be abelian categories and F : ^ x — )• C be an additive 
bifunctor which is left exact in both arguments. The functor K^{F): K~^{A) x K~^{B) — > 
K~^{<Z) is defined by 

K{F){A\B') ■= F'{A\ B') := tot F{A',B') . 

We assume that there is a full additive subcategory J' of B such that for every B £ J' the 
functor F{_, B): A^ C is exact and for every A £ A the subcategory JT^ is a F(A,_)-adapted 
class. Under these assumptions the right derived bifunctor 

RF: B+{A) X D+(S) ^ B+{C) 

exists. Furthermore K+{J) is a i^+(F)(A',_)-adapted class for every A' G K+{A). Thus 
also the right derived functor R{K~^ {F){A' , _)) exists and we have for each A* £ A and 
B' £B 

RF{A\B') ~ R{K+{F){A\_)){B') 

(see |KSn6[ Section 13.4]). An example were the above assumptions are fulfilled is for any 
scheme X the functor 

Uom: QCoh(X)° x QCoh(X) ^ QCoh(X) , 
where we can choose J as the class of all injective sheaves (see |Har66t Lemma II 3.1]). 
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Proposition 4.1. Under the assumptions from above let A' € D^(^) and B* € T>^{B) be 
complexes such that R''F(A^,B^) = for all q ^ and all pairs i,j € Z. Then we have 
RF{A',B') ~ F'{A',B'). 

Proof. We show that we can enlarge the i^+(F)(A*,_)-adapted subcategory K^{J) to the 
i^"'"(F)(A*,_)-adapted subcategory K^{J') consisting of all complexes B' with the property 
as above, i.e. J' is the full subcategory of all objects B & B which are i<'(A*,_)-acyclic for ev- 
ery i G Z. The subcategory J' is F(^\_)-adapted for every i £ % (KS lemma 13.3.12). Thus 
for every acyclic complex S K~^{J') the double complex F{A*,B*) has exact columns. 
Using the spectral sequence 

E^^ = Wi{n{j{F{A',B'))) =^ 7r{tot{F{A\B'))) = K'{K+ {F){A' ,B')) 

we see that [F){A' ,B') is again acyclic. Hence the category K~^{J') is indeed adapted 
to the functor K~^{F){A',_) and we can use it to compute the derived functor. We get for 
B* G K+{J') as desired 

RF{A\B') = R{K+ {F){A\ _)){B') = F'{A\B') . 

□ 

Clearly there is an analogous statement for bifunctors which are right exact in each variable. 
For a fixed object A' G D^(^) and F as above, G := K^{F){A*,_) and J'' as in the proof 
we call every B £ J' a G-acyclic object. 

Danila's lemma and corollaries. Let G be a finite group acting transitively on a finite set 
I, R a ring and M an ii[G]-module admitting a decomposition M = (Bi^iMi such that for any 

i £ I and g £ G the action of g on M restricted to Mj is an isomorphism g : Mi ^ ^g(i) ■ Then 
the G-action on M induces a StabG(z)-action on Mj, which makes the projection M — )■ Mj a 
StabG(i)-equivariant map. 

Lemma 4.2 ( |DanOlj ). For all i £ I the projection M — )• Mj induces an isomorphism 

MG 4 J^StabG(i)_ 

Proof The inverse is given by rui ^ ®[g]eG/StahG{i)9 ' "^i with g ■ rm £ Mg^^^y □ 

We can globalise Danila's lemma to G-sheaves. Let G and / be as above and G act on a 
scheme X. Let be a G-sheaf on X admitting a decomposition M = (BieiMi such that for 
any i £ I and g £ G the linearization A restricted to Aii is an isomorphism Xg : Aii ^ g*Mg{i)- 
Then the G-linearization of M restricts to a StabG(i)-linearization of A^j, which makes the 
projection M. — A^j a StabG(i)-equivariant morphism. By lemma [3TT] for every i £ I we have 

M =G Inf^tab(.) Mi . 

Corollary 4.3. Let tt: X ^ Y be a G-invariant morphism of schemes. Then for all i £ I 
the projection Ai — s- Mi induces an isomorphism (vr^A^)^ ^ (vr^Alj)^*'^^'^^*^ 

Proof For an affine open U cYwesetR = 0{U), M = T{tt~W, M) and Mi = T{7r-'^U, Mi). 
Then the lemma applies and gives the isomorphism of sheaves over U. Since for varying U all 
the isomorphisms are induced by the projection to the i-th summand, they glue together. □ 
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Remark 4.4. The assertion of the lemma respectively the corollary remains true if we con- 
sider complexes of ii[G'] -modules M* and M* respectively complexes of G-sheaves. Let k be 
a field of characteristic zero. If i? is a fc-algebra respectively in the case of G-sheaves if X and 
Y are /c-schemes and vr* is exact, taking invariants is exact. Hence in this case we also have 
Danila's Lemma for the cohomology of the complexes, i.e. 

Let G act on a scheme X and let £' € Dq{X). Let F be one of the functors £* ^ _, 
'Hom{£* , _) or 7iom{_,£'). We assume that there are enough locally free sheaves on X. 
Then the functor F can be derived and we denote its right respectively left derived by DF. 
Let H < G he a subgroup. We can consider F and DF as functors on the iJ-equivariant 
categories by replacing £* by Res^ £* . 

Lemma 4.5. For T* € D|^(X) there is in DG(QCoh(X)) a natural isomorphism 

DF(Ini^T') ~ lni%{DF{T')) . 

Proof. Let A' be a F-acyclic i?-equivariant resolution of J-'. Then DF{T*) ~ F{A*) in 
D//(QCoh(X)). Since the inflation functor is exact, Inf(^*) is a G-equivariant resolution of 
Inf J^*. The objects Inf(.4*) are still F-acyclic because of the compatibility of DF with the 
forgetful functor and with direct sums. Thus DFilni T*) ~ F(Inf(^*)) ~ Inf(F(.4*)) holds 
using lemma [331 D 

Corollary 4.6. Let G, I,X,tt: X^Y,Ai and F be as above such that X and Y are 
schemes over a field of characteristic zero and vr* is exact. Then there are natural isomor- 
phisms [TT^DF{M)f ~ ['iT^DF{Mi)f'^^^''^ and [TT^D''F{M)f = [n^D''F{Mi)f^''^^''^ for ev- 
ery k G 'Zi. 

Proof. Using the identification of A4 with the inflation of Mi we can conclude by the previous 
lemma and the previous remark. □ 

We can get analogous results with F being the push-forward or the pull-back along an 
equivariant morphism. 

Remark 4.7. Let G, I and M be as above, = (Bj^jNj a further R[G] module such that G 
acts transitive on J and such that g: Nj ^ ^g{i) ^ 3 ^ '-P'- N he a, morphism 

of i?[G]-modules with components ip{i,j) '■ Mi — )• A'^-. Then for fixed i G / and j & J the map 
93'-' under the isomorphisms = Mf^^^^^^ and A^'-' = N^^^^^^'^ of lemma [^^2] is given by (see 
also |Sca09at Appendix B]) 

[9]eStab(i)\G 

Clearly, there is the analogous formula in the case of G-sheaves. 

Remark 4.8. Danila's lemma and the corollaries can also be used to simplify the computation 
of invariants if G does not act transitively on /. In that case let /i , . . . , I/t be the G-orbits in 
I. Then G acts transitively on Ii for every 1 < i < k and the lemma can be applied to every 
Mji, = (Bi<^i^Mi instead of M. Choosing representatives G yields 
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Lemma 4.9. Let k he a field of characteristic zero, R a k-algebra, G a finite group and M 
an R[G\-module. Let N he a R-module, i.e. a R[G]-module where G is acting trivially. Then 

(M (g)|j Nf = N . 

Proof. See [ScanQal Lemma 1.7.1]. □ 

Also this lemma can be globalised to get an analogous result for G-sheaves. 

Pull-back along regular embeddings. Let G be a finite group. In this subsection every 
variety is supposed to be a G-variety (over a fixed field A:) and every subvariety is G-invariant 
and considered with the restricted G-action, i.e. all embeddings are G-equivariant. Also, all 
sheaves and the considered functors and derived functors are equivariant. Of course one can 
apply the results to the non-equivariant case by setting G = 1. Throughout the whole section 
X is a non-singular variety. 

Lemma 4.10 ( |Sca09a| Lemma A. 2]). Let A he a regular notherian local ring, Mi, . . . , Mi 
finite Cohen- Macauley modules over A, such that 



codim(Mi • • • (g) Me) = ^ codim(Mi) . 



i=l 

Then all the higher torsion modules vanish, i.e. Tor^(Mi, . . . , M^) = for all i > 0. 

Corollary 4.11. Let i: Y ^ X and j: Z ^ X be embeddings of Cohen- Macaulay subvari- 
eties which intersect properly in X, i.e. 

codim(y n Z) = codim(y) + codim(Z) , 

and F a Cohen- Macaulay sheaf on Z . Then all the derived pull-hacks L^'^i*j^F for g > 
vanish. 

Proof. By projection formula L''^i*j^F = lor*^^ {i^^Oy ,j*F). Since Oy and F are Cohen- 
Macaulay, i*Oy and j^F are also (see [SerOOt IV B prop 11]) . The stalks of the higher torsion 
sheaves can be computed as the torsion modules of the stalks so the result follows from the 
previous lemma. □ 

Lemma 4.12. (1) Let f : X ^ Y he a G-equivariant morphism such that the derived 
pull-hack exists and 8* G Y)q(Y) a complex such that the cohomology 'H'^{£') is /*- 
acyclic for all q £ Then Lif*£' ^ f*W{£') for all g G Z. 
(2) Let F G CohG'(X) such that 7i'^{£') is {F ® _)-acyclic for all integers q. Then 
1org{F, £')^F(S) ■H-''{£') for all q e Z 

Proof. We consider the spectral sequence 

^ L'Pf*{W{£')) ^ = L"/*(£") 

(see [HuyOG p.81]). By the assumption this spectral sequence is concentrated on the g-axis, 



hence E'^ = £^2'*^ for each integer q. For the second part we use the spectral sequence 
E^^'^ = 1or_p{F,W{£')) ^E'' = %or_n{F,£') . 

□ 

Lemma 4.13. Let j : Z X he an embedding of varieties. Then j^, : CohG(Z) — t- CohclX) 
is a fully faithful functor. 
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Proof. As in the non-equivariant case for E,F CohQ{X) there are the natural isomorphisms 
GRomxU*E,j,F) ^ GRomzU* j*E, F) ^ GHom^(E,F) . 

□ 

Let 5 be a variety and Y, Z closed subvarieties. We denote the inclusions by 

Ynz — ^ Y 



-> s. 



a 



Lemma 4.14. For every F € QCohfj(Z) the base change formula b*a^F = d.^c*F holds. 

Proof. We reduce to the case S = Spec^ affine and notice that = ^^j^^j^yj^j holds for 

every A//^-module M. □ 

Lemma 4.15. Let j : S ^ X be a regular embedding of codimension c with vanishing ideal 
Zs and F € CohG(X). Then for every q £ 1j 

L-'fj.F ^ F A'^ifls) . 

Proof. We first proof the special case F = Os- By 13.91 (iii) 

MLfj.Os ® A'j*I^[-c]) ~ jJj.Os ^ 3*Rnoms{Os,n*Os) ^ RUomxii.Os^j.Os) ■ 

Now taking the (c — q)-th cohomology on both sides by 13.91 (ii) yields 

Using the fact that is fully faithful we can chancel it from the isomorphism. Tensoring 
with /\^j*Xs gives the result. For general F using the projection formula twice we get 

ULfUF ~ 3*{Lf3*F Os) ^ 3*F ®^ j,Os ^ 3*{F ®^ Lj*j,Os) • 

We have already proven, that the L'^j*j^,Os are locally free, hence {F (g) _)-acyclic. Thus we 
can use 14.121 (ii) with £' = Lj*j^,Os which proves the general formula. □ 

Let j : S' ^ X and S ^ X he regular embeddings. Then the composition j' : S' ^ X is 
also a regular embedding (see e.g. |Ful98[ Appendix B.7]). We denote by tt: j*05 — )• j^Os' 
the natural surjection. 

Lemma 4.16. The induced morphism of the {—q)-th derived pull-back functors 
coincides with the one induced by the inclusion Xs C X5/ . 

Proof. Because of the compatibility via the forgetful functor of the equivariant derived func- 
tors with the non-equivariant ones, we can compute L^''j'*{'iT) on the non-equivariant derived 
functor. The question is local. Thus we can assume that both vanishing ideals are globally 
generated by regular sequences 

Is = ifl, ■ ■ ■ , fa) , ^S'/S = ifa+l, ■ ■ ■ , fa+p) ■ 

Now the non-equivariant derived pull-backs are computed (see e.g. |Huy06 chapter 11.1]) 
using the Koszul complexes K'{fi, . . . fa) and K'{fi, . . . fa+p) as free resolutions of 
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and j'^Os'- After pulling back the Koszul complexes along j' all the differentials vanish which 
yields the isomorphism 

L~''f*J*Os = n-'^{j'*K'{fi, ...,/,)) 4 Aij'*Is , A • • • A e,, ^ /i, A • • • A 4 

and the analogous isomorphism for S' instead of S. The morphism vr can be continued on 
the Koszul resolutions by 

K'^ifi, ...,fa)^ K-^ifi, /a+/3) , A • • • A A • • • A 

which yields the result. □ 

The two lemmas 14.111 and 14.151 can be combined as follows. Let again Y and Z be closed 
Cohen-Macaulay subvarieties of X. We assume that there is a non-singular subvariety S ^ X 
such that S contains Y and Z such that Y and Z intersect properly in S. Note that the 
embedding S ^ X is regular since both S and X are non-singular. We use the following 
notations for the closed embeddings: 

Y 




Lemma 4.17. Let F G CohG'(Z) be Cohen- Macauley. With the notations introduced above, 
for g € Z there is the following isomorphism 

L-H*j^F ^ d^c* {F ® (a* A" l*Is)) . 

Proof We have L^'^i*j:^F = L^%*{Li* i^{a^F)). Also by lemma liTTSl and the projection 
formula 

L-H*i^{a^F) ^ a^F A«(t*Xs) = a^{F ® a* A« A^^) . 
Since F is Cohen-Macaulay and A'^N^ is locally free, the whole F ® a* A'^ N"^ is Cohen- 
Macaulay for every q. So by 14.111 the assumptions of 14.121 (i) are satisfied with f = b and 
g» = LL*i^{a^F). Thus, 

PF imi 

L-H*i^F ^ b*{a,F A'^{i*Is)) ^ b*a,{F (g) a* A" l*Is) ^ d,c* {F (g) {a* A' l*Is)) . 

□ 

Let Y, Z and S be as above and S' ^ S another non-singular subvariety such that S' 
contains Y and intersects properly with Z in S. We denote the intersection hy Z' = Z f] S' . 
It is again Cohen-Macaulay (see ^SerOO, section IV B 2]). Furthermore, the subvarieties Z' 
and Y intersect properly in S' . Hence, the above lemma applies again and 

L~''i*j:Oz' = A^{N^>)\Ynz, 
where j' is the inclusion of Z' in X. 

Lemma 4.18. Let vr: j^^Oz — > j'^Oz' be the natural surjection. Then the morphism 

L-H*{7r): L-H*j,Oz = A'iN^)\Ynz ^ ^'iN^')\Ynz' = L-H*lOz> 
is the one induced by the inclusion Zs C Is' ■ 
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Proof. We have Oz' = Oz ^Os ^S' aiid the surjection vr: Oz — > Oz' is induced by the 
surjection Os — > Os'- Thus we can use lemma [4.161 □ 

Partial diagonals and the standard representation. Let X be a smooth variety of 
dimension d over C Let I = {ii < ■ ■ ■ < ig} C [n] with = £ > 2. Then the partial 
diagonal Aj is defined as the reduced subvariety given by 

A/ = {{xi, . . . G X" I Xi = Xj'ii,j G /} . 

It is a Stabgjj (/) = (3/ x ©j-equivariant smooth subvariety of codimension — 1) in X^. We 
denote the closed embedding by lj : Aj — >■ X". The subgroup &j acts trivially on A/. Thus, 
the ©/-linearization of the conormal bundle is just a ©/-action (see subsection [3D . Since 
Nj is locally free, this action is determined by the action on the fibers N^^Q) = Ii{Q) over 
closed points Q G A/. For ^ G N the regular representation Vj of ©/ is the vector space 
with ©£ permuting the vectors of the standard base (cj | i G /). The natural representation 
decomposes into the direct sum of its invariants, which form the one-dimensional vector 
space spanned by X^ig/^*) the space {v ^ V \ Yli^i'^'i- — 0} spanned by the vectors 
— ei2,ei2 — ejg, . . . , ej^_^ — Cj^. The latter summand is an irreducible representation of ©/ 
called the standard representation and denoted by gj. For / = [i] we denote the standart 
representation of ©/ = &e also by gi or simply g. We need the following result from local 
algebra (see [SerOOl IV Proposition 22]). 

Proposition 4.19. // {xi, . . . ,Xp} are p elements of the maximal ideal m of a regular local 
ring A, the following three properties are equivalent: 

(1) xi, . . . ,Xp is part of a regular system of parameters of A, i.e. of a system of parameters 
which generates m. 

(2) The images of xi, . . . ,Xp in m/m^ are linearly independent over k. 

(3) The local ring Aj (x\^ . . . , x.p) is regular and has dimension dim A — p. 
(In particular, (xi, . . . , Xp) is a prime ideal.) 

Lemma 4.20. Let I C [n] and Q G A/ 6e a closed point. Considering Ii{Q) with the natural 
action of &i (see proposition \3.9\) we have Ti{Q) = gf'^. 

Proof. For each closed point P G X we choose an open affine neighbourhood with coordi- 
nate ring A{P). We denote the maximal ideal of A{P) corresponding to P by ni(P), hence 
Ox,p = ^{P)m{P)- Furthermore we choose a regular system of parameters xi{P), . . . ,Xd{P) 
of Ox,p- By multiplying them by their denominator if necessary, we may assume that 
xi(P),'. . .,Xd{P) G m(P) C A{P). Let Q = (P^, . . . ,P") G X". Then there is an affine open 
neighbourhood of Q in the product X" with coordinate ring B{Q) = A{P^) ® ■ ■ ■ A[P^). 
The point Q corresponds to the maximal ideal 

n(Q) = m(P^) ®A(^---®A + A(^ m(p2) ® ■ ■ ■ ® A + ■ ■ ■ + A® A® ■ ■ ■ ® m(P") . 
Since the {xi{P))i=i^,,,^d generate m(P), the family {xi{Q))i~l'"''^ with 

x]((5) = 1 • • • O 1 ® Xi{P^) O 1 • • • (g) 1 

generates n(Q). As Ox",q is a regular local ring of dimension d ■ n, this family is a regular 
system of parameters. Without loss of generality we may assume that I = [I] and consider 
a point Q = (P, . . . , P, P^+\ . . . , P") of Aj^]. For 1 < i < d and 1 < j < £ - 1, we set 
Ci = xliQ) - xI+\Q). Clearly, the C/ 

are elements of the stalk of the vanishing ideal 
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{Ii)q C n(Q)Ox",Q. We denote their images in n(Q)/n(Q)2 by = x{{Q) - 
By 14.191 the vectors x\{Q), . . . ,Xi{Q),X2{Q), ■ ■ ■ jX'^iQ) form a basis of n{Q)/n{Q)'^ . Hence, 
Cl, . . . C^~^ are d{£ — 1) linearly independent elements in n{Q)/n{Q)'^. Thus, by proposition 
14. 191 the (f generate a prime ideal in Ox",Q of height d{i — 1). It is contained in {Ii)q which 
is also prime of the same height. Thus, 

(Wq = {{Ci \ ^<i<d,l<j <i-l}) 

and the fiber Xi[Q) has {Ci)i~l'"''^ ^ as a base. Now the isomorphism Ii{Q) ^ g®'^ is given 
byC^'^(0,...,0,e,-ej+i,0,...,0). □ 

By proposition 13.91 the derived dual of the structural sheaf of A/ in X" is cohomologically 
concentrated in degree d{£ — 1) with 

equipped with the 6/ x (3 j- linearization which is induced by the natural linearization of X/. 

Lemma 4.21. The group &i acts on ) trivially if d is even and alternating if d 

is odd. 

Proof The sheaf {A'^^'^-'^h*Ijy is a line bundle on A/. Thus, the action of 6/ is determined 
by the action on the fibers, which are isomorphic to the representation a^^^~^\q'®^) (dualizing 
can be dropped for one-dimensional representations). It suffices to consider the action of 
transpositions of neighbours t = {k , k + 1) since 6/ is generated by those permutations. 
As one can compute, each such r acts as a matrix g(r) G GL(C^~^) with determinant —1. 
The action of r on a'^'^^~^^(^®'^) is given by the determinant of q{t)®'^. Thus the assertion 
follows. □ 

In the following we will always consider the case that X is a surface over C, i.e d = 2. 
In that case there is also a formula for the dimension of the invariants of the lower exterior 
powers of g®'^. 

Lemma 4.22. Let g be the standard representation of the symmetric group 6i for any ^ € N. 
The dimension of the space of invariants of the exterior products of the double direct sum of 
the standard representation is given by 

1- / n/ xNfi, |l if < p < 2(i — 1) is even 
dim{AP{g(Bg)f' = I else~ 

Proof. See |Sca09a|. Lemma C.5.]. □ 

Corollary 4.23. For p ¥1 an even number and I C [n] with 2(|/| — 1) > p the sheaf 
(APArV)6, ^ {APi*Xi)^i is a line bundle on Aj. 

Proof By lemma i^D] and lemma all fibers of A^^Zf ^ are of rank one. This implies the 
assertion (see e.g. |Har771 II Ex. 5.8]). □ 

Lemma 4.24. For every I C [n] with = k the set of left cosets is given by 

ejiej X ©7) = {Si^j \jc[n],#j = k} 

where 

Gi^j = {a e 6„ I = J} . 
The right cosets are exactly the Gj^i with #J = k. 
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Proof. The sets are invariant under multiplication by &j x &j on the right and consist 

of k\{n — k)l = #((3/ X 6j) elements. Thus they are indeed left cosets. They are disjoint for 
distinct J and J'. The number of J C [n] with = k is (^). Because of 



■ k\{n - ky. = nl = #6n 



all left cosets are of this form. The proof for the right cosets is analogous. □ 
Lemma 4.25. Let X be a smooth surface over C For k — 2 > p > let 

be the morphism induced by the natural surjection Oai^.i] ■ '^k = id[fc] and 

ai = {i,£ + l,...,k) for£=l,...,k-l. Then 

k 

e=i 

is an isomorphism. 

Proof. Since both sides are line bundles on Aj^] the morphism T is an isomorphism if and 
only if it is fiberwise. So let P € ^[k]- We have cr£{[k — 1]) = [k] \ {£} so by the last lemma 
the a£ form a system of representatives of &[k]/&[k-i]- Thus for an S[fc_i]-invariant v the 
element Yle=i^i'^i'^) 6 [^j -invariant and T is indeed well-defined. Since both spaces are 
one-dimensional bv 14.221 it suffices to show that T(P) is non-zero. Note that by proposition 
14.221 and lemma 14.161 the map t{P) is given by the wedge product of the natural inclusion 
Q[k-i] — > Q[k]- Now, that T{P): {/\'^^ Q[k-i])'^^''~^^ {/\'^^Q[k]) is indeed an isomorphism follows 
from |Sca09al Lemma C.6. (4)]. □ 



5. Image of tautologigal sheaves under the Bridgeland-King-Reid 

equivalence 

The Bridgeland— King— Reid equivalence. Let G be a finite group acting on a smooth 
quasi- projective variety M over C The quotient vr: M — > M/G always exists as a quasi- 
projective variety but is in general singular. The following was introduced by Nakamura (see 
|Nak01j ) as a candidate for a resolution of the singularities of M/G with good properties. 

Definition 5.1. The G-Hilbert scheme GHilb(M) parametrizes G-clusters on M, i.e. it is 
the scheme representing the functor 



Z CT X X closed 
G-invariant subscheme 



Z is flat and finite over T, 
H^{Zt) = as G-representations Vt G T 



The Nakamura-G-Hilbert scheme Hilb'^(M) is defined to be the irreducible component of 
GHilb(M) which contains all the C-valued points corresponding to free orbits. It is equipped 
with a universal family Z C Hilb*^(M) x M and the G-Hilbert- Chow morphism 



t: Hilb'^(M) M/G 
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sending a G-cluster to the G-orbit supporting it. In summary there is the commutative 
diagram 



Hilb'^(M) > S'^X 

T 

Theorem 5.2 ( [BKROf] ). Let the quotient M/G he Gorenstein, i.e ojm/g exists as a line 
bundle, and 

dim(Hilb'^(M) x^/g Hilb'^(M)) < dim(M) + 1 . 

Then t is a crepant resolution of the singularities of M/G, i.e t*ujm/g — ^m\h'^{M)' ^'^^ 
equivariant Fourier-Mukai transform 

^Oz = RP* ° Q* ■■ D''(Hilb^(M)) ^ D^(M) 

is an equivalence of triangulated categories. 

The functor called the Bridgeland-King-Reid equivalence. 

Remark 5.3. The group G acts trivially on Hilb'^(M) and on Z C Hilb'^(Af) x M by the 
action induced by the action on M. To be formally correct the equivariant Fourier-Mukai 
transform is the functor i?p^, o q* : D^(Hilb*^(M)) — )• D^(M) and the Bridgeland-King- 
Reid equivalence is the functor ^Oz ° triv- 

The Hilbert scheme of points on a surface. Let X be a smooth quasi-projective surface 
over C and P € (Q[x]. Then the Hilbert functor 



( Z CT xX 
I closed subscheme 



Z is flat and proper over T, 
Zt has Hilbert polynomial P \/t £ T 



is representable by a result of Grothendieck (see |Gro95j ) . In case P = n G N the representing 
scheme X^""] is called the Hilbert scheme of n points on X. Its C-valued points correspond to 
zero-dimensonal subschemes ^ of X of length 

m :=dimcr(C,05) =n. 

The generic case of such subschemes are collections of n distinct points. If the support of 
consists of less than n points, the scheme structure has to be further specified. For example 
a subscheme of length 2 which is concentrated in one point is given by choosing a tangent 
direction of X in that point. X'"! is a 2n-dimensional quasi-projective smooth variety (see 
|Fog68| ). It is a resolution of the symmetric product S'^X := X"/(3n via the Hilbert- Chow 
morphism 

The isospectral Hilbert scheme is defined as I"X := (X^"' xs^x ^")rcd- It is a family of 
©n-clusters in X" fiat over Xt"! (see |IIai01| ). Thus, it induces a morphism rj from X^ to 
the moduli space &n Hilb(X"). Since the generic fiber of /"X over Xl"! consist of n distinct 
points, rj factorizes over Hilb®"(X"). 
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Theorem 5.4 ( |Hai01j ). The morphism rj induces an isomorphism between the commutative 
diagrams 

rx X" z — ^ X" 



9 



1 



XW > Hilb®"(X") y 

/i T 

That means that X^"] with /"X in the role of the universal family of S„-clusters is iso- 
morphic to Hilb^"(X") over S^X. Since S'^X is Gorenstein and the Hilbert-Chow morphism 
is semi-small (see also [HaiOl] ). the assumptions of the Bridgeland-King-Reid theorem are 
fulfilled. 

Corollary 5.5. The Fourier-Mukai Transform 

is an equivalence of triangulated categories. 

The Bridgeland-King-Reid equivalence can be used to compute the extension groups of 
objects in the derived category of the Hilbert scheme. 

Corollary 5.6. Lei 7="', ^' G D''(XN). Then 

Ext^[„] {T',g') ^ &n Ext^„(«>(7-), <^>{g')) for allied. 

Proof. Using the last corollary we indeed have 

Ext^[„,(J-,g;')-HomD.(^[„l)(-^',^*W)=HomD^^(^„)(cI>(7-),ci>(a'[i])) 

-Hom^^ (^„)(ci>(7-),ci>(^')H) 



6„Ext^„($(J-),<I>(a')). 



□ 



We will abbreviate the functor [_]®" o vr, : D^^(X") ^ B^S'^X) by [J®" . Note that vr, 
indeed does not need to be derived since the quotient morphism vr is finite. 

Proposition 5.7. In Dg^(X") there is a natural isomorphism ^{Oxin]) — Ox"- 

Proof. See [ScaOQal Proposition 1.7.3]. □ 

Tautological sheaves. 

Definition 5.8. We define the tautological functor for sheaves as 

(_)N := pr^M,(Os »pr3,(_)): Coh(X) ^ Coh(xM) . 

For a sheaf F € Coh(X) we call its image -F'"^ under this functor the tautological sheaf 
associated to F. In |Sca09bt Proposition 2.3] it is shown that the functor (_)'"^ is exact. 
Thus, it induces the tautological functor for objects : D''{X) D^(X["]). For an object 

F* G D^(X) the tautological object associated to F' is 

Remark 5.9. The tautological functor for objects is isomorphic to the Fourier-Mukai trans- 
form with kernel the structural sheaf of the universal family, i.e. (F*)'"! ~ ^^^^^'"'(F*) for 
every F* G D^(X). 
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Remark 5.10. If F is locally free of rank k the tautological bundle F'"! is locally free of rank 
k ■ n with fibers -FW([^]) = r(^, F,^) since pr^[„] : S Xl^l is flat and finite of degree n. 

The complex C*. 

Definition 5.11. For two finite totally ordered sets M, L of the same cardinality we define 
um^l as the Tiniquc strictly increasing map. Let now N be totally ordered, m E M G N and 
(T G ©AT. We define the signs 

and SmM := {-l)*{^^^y<r-} . 

To any coherent sheaf F on X we associate a 6„-equivariant complex Cp of sheaves on 
X" as follows. For / c [n] with |/| > 2 we define Fj = ii*p*jF. Here t/: A/ ^ X" is the 
closed embedding of the partial diagonal and : A/ — >■ X is the projection induced by the 
projection pr^ : X" — )■ X for any i E I. We set 

n 

C^ = 0p*F , CP= F/ forO<p<n , C^ = else. 

i=l 7c[n],|7|=p+l 

Let s = be a local section of Cp. We define the ©^-linearization of Cp by 

Xa{s)i := e„j ■ o-*(s^-i(/)) , 
where cr* is the flat base change isomorphism from the following diagram with pjoa = Pcr-^{i) 



Hi) 



Xn ^ X'^ . 

This gives also a ©^-linearization of C^ using the convention Ffji, := p*F and A|j} := X". 
Note that for J C [n] with |J| > 2 and i G J there is by projection formula a natural 
isomorphism Fj = Fj\|j Using this, we define the differentials dP : Cp — > C^^^ by the 
formula 

As one can check, Cp is indeed an ©^-equivariant complex. 

Remark 5.12. Since pi is a projection and lj a closed embedding, the functor 

C^: Coh(X) ^ Coh6„(X") , F ^ C^ 

is exact for all < p < n — 1. Thus, the functor 

C : Kom(Coh(X)) ^ Kom(Coh6„(X")) F' ^ C^. := tot(K''') 

is also exact, where the double complex is given by K^'^ = Cpj . Hence, without deriving we 
get an exact functor C": T)^{X) D^^(X"). 

Remark 5.13. For every I C [n] the sheaf Fj carries a Stab(/) = ©/ x ©/-linearization. As 
a ©7 X ©/-sheaf we can write it as 

Ft = ii4ai p}F) . 
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Here O/ denotes the alternating representation of &j, i.e. the one-dimensional representation 
on which a G 6/ acts by multiplication by sgn((7). See also remark [3^ for a description of the 
linearization oip*jF. Note that, since the group (3/ acts trivially on A/, the ©/-linearization 
of Fi is just a ©/-action. An element a G 6/ acts by multiplication by sgn((T) on Fj. 

Remark 5.14. For 1 < £ < n we fix an /q C [n] with (. elements, e.g. /q = and choose 
for any / C [n] with = £ a o" G ©„ with a{I) = Iq, e.g. a = /^u/ x f^Uj. Then the 
chosen a form a system of representatives of (©/^ x ©/q) \©n (lemma [4.24p and the canonical 
isomorphisms -Fa/ — c*i<Ajg induce an isomorphism (see also lemma [3TT]) 

Lemma 5.15. Lei X be a quasi-projective variety. Then X" and S^X have open coverings 
consisting of subsets of the form [/" respectively S'^U for U C X open and affine. 

Proof See |Sca09al Lemma 1.4.3]. □ 

Lemma 5.16. Let F G Coh(X), / C [n] with \I\ > 1, i G [n] \ /, and r: Fj ^ -P/u{i} ^^'^ 
morphism given by restricting local sections of Fj to A/y|j}. Then the induced morphism 

' ■ ^ /u{0 

is still surjective. 

Proof. By the above lemma it suffices to show that the morphism f is surjective on the sections 
over S"^!/ for every open affine subset U C X. This can be seen by applying the lemmas 5.1.1. 
and 5.1.2 of |Sca09a ] in cohomological degree zero. □ 

Descriptition of 

Theorem 5.17 ( |Sca09bj ). For every F G Coh(X) the object is cohomologically 

concentrated in degree zero. Furthermore, the complex Cp is a right resolution of p^q* {F^"^"^) . 
Hence, in Dg^(X") there are the isomorphisms 

Proof. We will give a short sketch of Scala's proof here, since we need to make a statement 
about the naturalness of the isomorphisms in the theorem which can be read off from the proof. 
The object is the image of F under the composition of Fourier-Mukai transforms 

^'Ojl^'^'^ • "^^^ composite of the two Fourier-Mukai kernels is given by the structural 

sheaf of the polygraph 

D = {(xi,...,x„,y) G X" X X I y G C X" x X . 

There is a right resolution /C* of O/j defined as follows. For i G [n] let 

A = {(xi, . . . , a;„, y) G X" x X I y = C X" X X . 

and for I C [n] set Dj = r\i^iDi. Then KP = ®#i=p+iOdj and the differentials are given 
by the restrictions Odj ^i'luio "^^^^ signs as in the complex Cp. The terms /C^ are all 
flat over X. Since JC* is a right resolution of Od, it follows that O/) is also flat over X. 
Furthermore D is finite over X"'. Thus ^(F^"'^) is indeed concentrated in degree and can be 
computed as 

$(fN) ^ px-*{p*xF ® /C') . 
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Now Px"\Di ■ Dj ^ Aj is an isomorphism which yields Px"*{Px^ ^Aj) — Fi and hence 
the isomorphisms of the theorem. □ 

Remark 5.18. Every morphism ip: E ^ F oi coherent sheaves on X induces a morphism 
(^M = pr^[„]^(OH (8) pr^j^ Lp) : E't"! — )• FI"!. Under the isomorphisms of the theorem 

corresponds to C'{ip) : Cp. Thus, we can rephrase the theorem by saying that there is 

an isomorphism of functors 

^ C7V Coh(X) ^ Kom(Cohe„(X")) . 

The functors (_)'"^ and q* are exact {q is flat). Furthermore, g*FN is p*-acyclic for every 
tautological sheaf -F'"^ by the above theorem. Thus for every E* G B\X) we have a natural 
isomorphism <I>((i?*)["l) ~ )*. Since C* is also an exact functor, we have the following 

isomorphism of functors on the level of derived categories: 

^((jW)-^': D^(X) ^ JX") . 

So ~ C*. holds for every F' € D''(X). 

There is also a result on the image under the Bridgeland-King-Reid equivalence of tensor 
products of tautological sheaves with multiple factors. We will state here the special case of 
tautological bundles. 

Theorem 5.19 (Scala, |Sca09b| ). Let Ei, . . . , E^ be locally free sheaves on the smooth quasi- 
projective surface X. Then is cohomologically concentrated in degree zero and 

hence isomorphic inDg^^(X") to p^q*{(!S>i^iEf^^). Furthermore we havep,q*{(^>y^^EY^) ^ E^^ 
where E^ is on the limiting sheet of the spectral sequence 

E^^'" = Tor^,{Cl,. . . , Cl) ^E- = U^iC'E^ 0^ • • • C|;J . 

iiH Hk=P 

The differentials of the spectral sequence are induced by the differentials of the complexes C^, . 

Remark 5.20. Let Ei, . . . , Ef^ be locally free and F an arbitrary coherent sheaf on X. By 
theorem 15.171 we can make the identification = ker {d^pi Cp — ?> Cp). Thus, we can 

describe the space of sections of p^q*F^"-^ over Lf^ dbS tlic SGctions 5 — (^l, • • • 5 Sn ) of C^ with 
^i|A,j = '^i|A,j foi' every distinct i,j G [n] or alternatively 

p,q*F^"\U^) = {se CUun I S|A,, is {i j)-invariant Vi,i e [n], i ^ j} . 
The differential 

4' ■■ = (S)cl^ ^o'° = e (ck « (2) c%] . 

i=l i=i \ «e[n]\W / 

on the 1-level of the spectral sequence of theorem 15.191 is given by the direct sum of the maps 
i*^(g)ig[„]\{(.}C^, • Since the (3„-linearization of Cp_^ (8> • • • (8> Cp^ is given factor-wise, this 

implies that every local section of E^'^ = keT{dQ'^), and thus also of p*q* {'S>iEl"'^) = E^ C 
E^'^ , has the property that its restriction to Ajj is (i j)-invariant for every pair 1 < i < j < n. 
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6. Extension groups of twisted tautological objects 

Throughout the rest of the text let X be a smooth quasi-projective surface over the complex 
numbers C, n > 2 a positive integer and Xl"! the Hilbert scheme of n points on X. We will 
use the Bridgeland-King-Reid equivalence to compute the extension groups of certain objects 
£*,T* € D''(X["]) by the formula (see corollarv I5.6P 

Ext^[„,(r,7-) ^ 6„Ext^^„($(r),$(7-)). 

We can rewrite the right hand side as 

6„ Ext^„($(r), $(J-))) ^ R' r(5"X, [TT,Rnomx^{^{£'),<^{T')f") 

^ ff [7r,Rnomx4^i£'), ^i£')f") . 

The functors tt* and [_]®" are indeed exact and hence need not be derived. We will first 
compute the inner expression ['K^RT-Lomx"{^{£'),^{£*))]'^'^ ■ We abbreviate the occurring 
bifunctor by 

nom ( . ) := [TT^nomxn{_,_)f" 
and set £xf = R^ T-Lom . Because of the exactness of [_]®" := [_]®" o vr^, we have 

R nom ( , ) ~ [i? ^omx" (_,_)] ®" • 

Computation of the T-Lom s. 

Lemma 6.1. Let X be a normal variety together with U <Z M an open subvariety such that 
codim(X \ U,X) > 2. Given two locally free sheaves F and G on X and a sub sheaf E C F 
with E\u = F\u the maps a: Hom(F, G) — ?> Hom(£^, G) and a: 7iom{F,G) 'Hom{E,G), 
given by restricting the domain of the morphisms, are isomorphism. 

Proof. It suffices to show that a is an isomorphism. Since every open V C X is again a normal 
variety with V \ (U D V) codimension at least 2, it follows by considering an open affine 
covering that a is also an isomorphism. We construct the inverse b: Hom(£', G) — >■ Hom(F, G) 
of a. For a morphism ip: E ^ G the morphism b{(p) sends s € F(y) to the unique section in 
G(y) which restricts to (p{sivnu) ^ G{V D U). □ 

We denote by D the big diagonal in X", i.e. 

D= y Aij = {(xi,...,x„) I #{xi,...,2;„} < n} C X", 

l<j<j<n 

and by [/ = X" \ D its open complement in X". 

Proposition 6.2. Let E N and Ei, . . . , E^, F G Coh(X) be locally free sheaves. Then there 
are natural isomorphisms 

(1) Kom($(4"' ® • • • ® E^), Ox^) ^ Uorn{C%^ ^ • • • ® G%^,Ox^^), 

(2) Kom($(sf' • • • ® 4"^' «>(FN)) ~ nom{C%^ . . . C%^,C%) . 

Proof. By theorem [5l9] we have p*g*(4"^ (S) ■ ■ ■ ® E^^"^) ~ ^{E^^ • • • (g) Moreover, 
P*<f {®^=iEY^) can be identified with the subsheaf E^ of E^'^ = (8) • • • (8) C^^. Since the 
terms E^q'*^ of the spectral sequence are for p > 1 all supported on D, we have 
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Since is normal and D of codimension 2, lemma [6?T] yields the first isomorphism of the 
proposition (even before taking invariants). For the second one we consider an open subset 
W C S^X and a 6„-equivariant morphism 



F\tt-^W ■ 

By remark [5.201 ip factorises over p*q* F^^^'i^y^. This yields 

where for the second isomorphism we use again lemma [HTTl □ 
Vanishing of the higher £xt {<^(F^"^), Ox^)- 

Remark 6.3. Let H < (3„ be a subgroup, E a //-sheaf and F a S„-sheaf on X"'. Since X" 
has a covering by open affine ©n-invariant subsets, namely by [/" for U C X open and affine 
(lemma [5.15p . the adoint property of the inflation functor globalises to a natural isomorphism 

[?/om(Inf|" E, F)]®" ^ [Hom{E, F)]^ . 

This also gives a formula for the derived functors RHom, namely 

[Rnom{lnf%" E',F')f" ~ [Rnom{E' , F')]^ 

for E* G D|^(X") and F* G D|;JX"). Alternatively, we can apply lemma with regard to 
the functor 'Hom(_, F*) to get the same isomorphism. 

Lemma 6.4. Let F be a locally free sheaf on X. Then [(C]^)"^]®" ~ for p > 0. 

Proof Using that ^ ^^^Sn ^iv+n (remark EH]) and the previous remark we get 

[(CP)^]en ^ [^^^^^^jSt+DxSf^ijrY]. By remark EHl the equivariant Grothendieck duality for 
regular closed embeddings (proposition 13. 9p . and the fact that F is locally free, we have in 
D^j^^^x6_(X") isomorphisms 



{F^p+ilV ^ Rnomxn (^6[p+i],(o®pfp+i]F),Ox" 
~ L[p+i]*RnomAi^+,] (a 

^ hp+i]* {^®iP[p+i]Fy ^ [-2p] . 

The group S[p+i] acts trivially on p'^_^_^F and on A^^tj^^-i^jX/ (lemma r4.21|) . Thus, it acts 
alternating on the whole a <S> (p*p^i]F)'^ (8) (A^^tjp_j^-|^jZ/)^ which makes the 6 -invariants 
vanish. Clearly, this implies the vanishing of the 6[p+i] x 6 [pj^i] -invariants. □ 

Proposition 6.5. For every locally free sheaf F on X there is in D^(5"X) a natural isomor- 
phism [($(^["1))^]®" ~ [(C^)^]®". In particular, all £xf{<^{F^'"^),Oxr^) vanish for i > 0. 

Proof. By theorem 15.171 in Dg^(X") there is the isomorphism $(f1"1) ~ Cp. The (3„-sheaf 
Cp is locally free, hence [(_)^]®"-acyclic. For p > the terms Cp are also [(_)^]®"-acyclic 
by the previous lemma. Thus, [($(FM)Tif]®n ^an be computed by applying the non derived 
functor [(_)^]®" to Cp. Again by the previous lemma [(Cp,)^]®" = for p > and the 
proposition follows. □ 



26 ANDREAS KRUG 

Vanishing of the higher ^*(^>(^W), $(FN)). 

Remark 6.6. For K CZ M C [n] we denote the closed embedding of the corresponding 
partial diagonals by tf^ : Am ^ Ak- For an subset / C [n] with |/| > 2 the codimension of 
the partial diagonal Aj = {(xi, . . . , x„) | Xi = Xj G /} in is 2(|/| — 1). For |/| < 1 we 
set A/ := X^. Let / and J be subsets of [n]. If I H J = the partial diagonals A/ and Aj 
intersect properly in X" = A/nj. In this case we denote the embeddings of A/ n Aj into A/ 
respectively Aj by tj^j respectively tj^jj although the intersection does not equal A/uJ- If 
I n J 7^ we have indeed Aj n Aj = A/yj. Furthermore 

codim(AjuJ, Ajnj) = 2|(/ U J) \ (/ n J)| = 2|/ \ (/ n J)| + 2| J \ (/ n J)| 

= codim(A7, A/nj) + codim(Aj, A/nj) , 

i.e. A/ and Aj again intersect properly in A/nJ- In summary for /, J C [n] the diagram 

A/ 



A/ n A 




fulfils the assumptions of lemma 14.171 This yields for every Cohen-Macauley sheaf J- on A j 
and any g € Z the formula 

Let E and F be locally free sheaves on X. In order to compute the invariants of the higher 
extension sheaves we will use the spectral sequence A associated to the functor T-jom j , p^.q'F^'^'^ ) 
given by (see e.g. |Huy06 Remark 2.67]) 

The terms in the k-ih column of Ai in turn are computed by the spectral sequence B{k) 
associated to T-Lom jC^, ) and given by 

B{k)l''^ = [£xf{C%,Cl)f- =^ B{kr = [£xr{C^,C'p)f" ~ [£xr{C^,p,q*F^''^)f" . 

Here as direct summands terms of the form £xfi{Ei, Fj) occur. For I,J& [n] with ^/ = c+ 1 
and # J = d + 1 these are (3/ j-equivariant sheaves where 



6/, J := StabeJ/, J) = (6/ x 6j) n (6j x 6^ 
In Dg^ jiX") we have the isomorphisms 



&i\J X <3j\7 X S 



X © 



RHomx^iEi, Fj) ~ £:/ 0^ Fj 

{p*iE'^ ®ai® {A^^i*iliY) (g)i„ ij,{p*jF oj)[-2c] 
^ (p}E^ (g) 0/ (g) (A^'tlZ/)^ ® Ll*jlj4p*jF oj)) [-2c] . 
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We see that R'Homxn{Ej, Fj) has no cohomology in degrees greater than 2c. Taking the 
(2c — q)-th. cohomology for g > on both sides yields 

8xf'-^{Ej,Fj) 

^ {p*iE'^ O a/ (A^^ijZ/)^ ® L-H*jLj,{p*jF aj)) 



PF 



^luj* [^iujiP*iE ®aj^ A^iV7nJ|A,nA^ ® (l'}^ ® aj)|A,nA. 



We abbriviate the underbraced ©7,j-sheaf on A/ n Aj by Tfj. We have f xi^'' '^{Ej, Fj) = 
for g > codim(A/nj,X") = 2(|/n J| - 1). 

Lemma 6.7. Let I,J C [n] such that #(/ \J) >2 or i^{J \I) >2. Then 

[Rnomx^{Ei,Fj)f'-J ~ 0. 

Proof. Since £xi^'^~'^{Ej,Fj) is by the computation above the push-forward of the sheaf Tj j, 
which is defined on Aj fi Aj, the x ©j\/ x ©/nj-linearization of it is just an ordinary 
group action. Assume that #{I\J) > 2 and choose a transposition r G Then r acts by 

— 1 on a/ and trivially on all other tensor factors of T^j. Hence, it acts by —1 on the whole 
Tj J which makes the invariants vanish. The case #(J \ /) > 2 is analogous. □ 

Remark 6.8. For ICiJ ^ the (3/nj-action on Tj j is given by the ©/nj-action on the factor 
A^A'^^jl^^^^ since 6/nJ acts alternating on two of the other tensor factors of Tj j, namely on 
0/ and aj, and trivially on the remaining three. Thus, by lemma the invariants are given 

by 

In particular, by the lemmas 14.201 and 14.221 the invariants vanish for q odd. 

Remark 6.9. Let k,p £ [n]. We set Vp = {J C [n] \ #J = p}. The orbits of Vp under 
the action of x ©|^ are exactly the sets = {J £ Vp \ #(J fl [k]) = i} for i = 
0, . . . ,min{A:,p}. A canonical choice of representatives of the orbits is 

kPp := {I, . . . ,i,k + 1, . . . ,k + p - i} = [i]U [k + l,k + p - i] e . 

The stabilizer of ^1* is given by ©[^^/i (see above). Similarly, a system of representatives 
of the orbits of Vp under the ©j^j-action is given by all the sets of the form [i] U M with 
i = 0, . . . , min{A;,p} and M C [k + l,n]. 

Lemma 6.10. Let E, F be locally free sheaves and B the spectral sequence described above. 
For A: = 0, . . . , n — 1 the only non-vanishing term on the 2-sheet of B{k) is B{k)^'^ . 
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Proof. Using remark 16.31 and lemma 14.61 together with remark 14.81 yields 

leVp+i 

min{fc,p} 
1=0 

By lemma [6771 we see that B{k)^''^^~'^ vanishes whenever p ^ {k — l,k,k + 1}. Furthermore, 
B{k)^'^^ vanishes whenever q is odd by remark [6^81 Thus, the only non-trivial terms on the 
1-level of B{k) are organised in the short sequences 

^ Bikf^-^'^''-" ^ B{k)'l'^''-'' ^ B{kf+^'^''-'' ^ 

for q G [2A;] even. We first will show that these sequences are exact for q < 2k, i.e. for 
2k — q > 2. By (1) they are isomorphic to the {&k+i x Sfc+i)-invariants of the sequences 

All sheaves in this sequences are push-forwards of sheaves on A[fc_|_x] so the Sfc+i-linearization 
on them reduces to a Sfc+i-action. We show that the sequence is already exact after taking 
the ©fc_|_i-invariants. By (2) and lemma [6^1 the (3fc+i-invariants of the sequence (3) are given 
by the sequence 

n n 
(A\ [T? iSfe ^ \rpq i6fc+i ^ rr\ l6fe t /TN ]&k+i 

i=k+2 i=k+2 

where we left out the push-forwards along the closed embeddings in the notation. We denote 
the components of (p and ip by 

• L^[fc+l],[fc]-l ^ y'^[k+l],[k+l]i ^ ^ ■ [k+l],[k]t ^ L^[fc+l],[fe]U{i}J 

iJ . lJ,q iSfc+i , tj.q i6fc+i i j . \rpq i6fc , rj^g l6fe+i 

The direct summands occurring in (4) are of the form [Tl jf''^-' with 1 G / n J. Thus, by 
remark [6.81 thev are given by 

The differentials in B{k)i are induced by the differentials of the complex Cp whose compo- 
nents 

7r/,i : Fi = lj^Oai ® Prmin/ ^ ^ i/U{i}*C'A^u{«} ® PVin/ F - Flu{i} 
are given by the natural surjections t/^OA/ i/u{i}*C'Aju{i} ^^S^ ^i,/u{i}- Thus, by 

I4.18l the differentials in the sequence (4) coincide up to the sign ju{i} with the maps induced 
by the inclusion Ijn/ C Ijn{iu{i}) the factor (A'^z.|yjZ/nj)®^""^- A system of representatives 
of &k+i/ Stabe^,,.! ([A;]) (see lemma H.24p is given by the ai of lemma H.251 Thus, by Danila's 
lemma for morphisms (remark 14. 7|) the map ip^ coincides with the morphism T from lemma 
14.251 tenzorized with the identity on {p^E^ A'^^N^j.^ij (>i) p'^F). Thus, ip^ is an isomorphism. 
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This implies that is injective. Note that the ■^^ are zero if i 7^ and i ^ j. The morphisms 
■0:? are isomorphisms by the same reason as ^p^ is. Thus, ■0 is surjective. Moreover, we see 



that a local section in the kernel of is determined by its component in Ty^_^^-^ [fc+i]' 
other hand, for every given local section s of [k+i] there is a section in the image of (p 

whose component in ^^j^+i] [k+i] equals s because of (pf' being an isomorphism. Since the rows 
in B{k)i are complexes, this already shows that im((^) = 'kex{ip). So by now we have seen 
that all £-th rows with £ > are exact on the 1-level what implies the vanishing of B{k)^^ 
for all £ > and all p. For i = 2k — q = 0, i.e. q = 2k, the {&k+i ^ ©fc4_i)-invariants of the 
sequence (3) reduce by (2) and remark [6771 to the two term complex 

(5) ^ [?^om(i^[fc+i],F[fe+i])]®I'=+i]X®['=+2-] % [-Hom(i?[,+i],F[fc+2])]®"=+^l^®"=+^'"l ^0. 

The fact that the other terms vanish can be seen either directly by looking at the description 
of J or using the fact that for two sheaves £,J- on a variety which are push- forwards of 
locally free sheaves along closed immersions 'Hom{£ , F) is non-trivial only if suppf D supp-F. 
The first term of (5) is naturally isomorphic to T-iomiyE, F)^^^^^^ [fc+a,™] ^.j^^ second one 

to ?^om(£', ■ Under these identifications the morphism -0 is just given by 

restricting local sections to A.^f^_^2\- Thus, by lemma [5.16l it is surjective which makes B(k)^^~^^ 
vanish. The map ij: is not injective because the support of its domain is larger than the support 
of its codomain. So indeed, B(k)^'^ is the only non-trivial term on the 2-level. □ 

Corollary 6.11. Let E, F he locally free sheaves on X and k = . . . ,n — 1. Then the object 
[RT-Lom{C'^, p^,q* F^'^'^)]®^ is cohomologically concentrated in degree k, i.e. form 7^ k 

[£:xr(C|,p,g*FM)]6" =0. 

Proof. The above lemma implies in particular that B{k) degenerates at the 2-level. Thus, 
B{k)2''^ = B{k)^ for all p,q € 'Z and the only non-trivial term on the cx)-level is B{k)^. 
Hence whenever m ^ k we have 

= B{kr = [fxr(C|,p,g*F["l)]e" _ 

□ 

Proposition 6.12. Let E and F he locally free sheaves on X. Then [R'Hom{^{E), <1>(F))]®" 
is cohomogically concentrated in degree zero and there is a natural isomorphism 

[i?7^om($(sW)^$(i7N))]en ^ ['Hom{C°E,C^p)f- . 
Proof. As mentioned above we use the spectral sequence 

AP''^ = [£xf{C~P,p,q*F^''^)f" ^A"' = [£xt'^{C'E,p^q*F^''^)f" ~ [^a;i'^(«>(£;W)^ $(i?N)]e„ 

By the above corollary the 1-sheet of A is concentrated on the diagonal p + q = 0. Thus 
A^ = for m 7^ 0. This yields 



[Rnom{<^{E),<^{F))f" ~ [nom{p,q*{E^''^),p,q*{F^''^))f"^[nom{C%,C'^p)f" . 

□ 
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From tautological bundles to tautological objects. 

Proposition 6.13. Let E*,F' G D^{X). Then there are natural isomorphisms 

6„ 



i??^om($((^')N),$((F')N)l " ~ [Rnom{C%.,C'^p,f" 

RHom{^{E'i''^),Ox^) " ^ [Rnom{C%.,Ox'^)f 



Proof. We take locally free resolutions A* ~ E' and B* ~ F' of the complexes E* and F'. 
Then ~ (E')^ and also 



Clearly, there are the same isomorphisms for F* and B' instead of E' and A'. Now, for every 
pair i,j € 1j by proposition 16.121 we have 

for q ^ 0. Thus, we can apply proposition 14. II to the situation of the bifunctor 

nom ( , ) = [_f"oTT^onom{_,_): QCohgjX")" x QCohe„(X") ^ QCoh(5"X) 
and obtain using the natural isomorphism of 16.121 remark [5. 181 and the exactness of 

^2iom'{{p*q*{{A'P),p,q*{{B')^''^) 
^ ['Hom-{C%,C^B')f" 

~ [Rnom{C%,C^B')f" 

The second isomorphism is shown similarly using proposition 16.51 □ 

Determinant line bundles. There is a homomorphism which associates to any line bundle 
on X its associated determinant line bundle on X'"! given by 

PicX^PicXW , L^Pl :=/i*((L^")®"). 

Here the (3,i-linearization of L^" is given by the canonical isomorphisms — '^*PiL, 

i.e. given by permutation of the factors. By [DN89t Theorem 2.3] the sheaf of invariants of 
L^" is also the decent of L^", i.e. L^" ^ 7r*((L^")®"). 

Remark 6.14. The functor V maps the trivial respectively the canonical line bundle to 
the trivial respectively the canonical line bundle, i.e. T^o^ = and T),^^ = ljxM ■ The 

assertion for the trivial line bundle is true, since the pull-back of the trivial line bundle along 
any morphism is the trivial line bundle and since taking the invariants of the trivial line 
bundle yields the trivial line bundle on the quotient by the group action. For a proof of 
T^ojx - ^xW see |NW04l Proposition 1.6]. 

Lemma 6.15. Let L be a line bundle on X. 
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(1) For every F* G D^(XN) there is a natural isomorphism <I>(J^* (g) Di) ~ ^{F') 
in D6„(X"). 

(2) For every Q* G D^_^(X") there is in D^(S^X) a natural isomorphism 



Proo/. By the definition of the determinant fine bundle and the fact that 7r*(L^"')®" = L^" 
we have 



— q* jj* — /n*-7r* { T Kln^|S„ rt* T 



p TT [L 



p L 



Using this, we get indeed natural isomorphisms 

$(^' Vl) ~ Rp,q*{r ® Vl) ^ Rp, iq*F' q*VL) ^ Rp* {q* p*L^'') 

~ Rp,q*T' L^" 

This shows (1). For (2) we remember that the functor (_)®" on Dg^(X"') is a abbreviation 
of the composition (_)®" o vr^. Then 



6n PF 



6n 



□ 



We can an object of the form (g)VL e D^(X["1) with E* G D^(X) and L a hue 

bundle on X a twisted tautological object. 

Proposition 6.16. Let (E*)^"^ ®T^l (^nd be twisted tautological objects. Then 

there are natural isomorphisms 



6„ 



l6„ 



6„ 



R-HomiiE'p^VL.VM) " =^ [RHom{C%. ® L^^ .M^"^] 



i6„ 
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Proof. We will only show the first isomorphism since the proof of second one is very similar. 
We have indeed 

"i?Hom($((S')M (S) Pl), $((F')M ^ Vm))] ^" 

Em 



i??^om($((F')M) (g) L^", ® M 



n\6„ 



Em, 



n\V\6„ 



Em 



[?^om(C7^. (g) L^", C%. ® M^")]®" . 



6„ 



□ 



Global Ext-groups. 

Theorem 6.17. Let X he a smooth quasi-projective complex surface, n > 2, E*,F* € D^(X), 
andL,M € PicX. T/ie extension groups of the associated twisted tautological objects are given 
by the following natural isomorphisms of graded vector spaces: 



Ext*((F*)M (g Vl, (F*)'"] g) V 



Ext* {E' (g L, F* (g M) (g S"""-" Ext* (L, M) 



MJ 



Ext*(F* (E)L,M)(E) Ext*(L, F* (g M) (g 5""^ Ext*(L, M), 

Ext*((F')M (^Pi,pM) ^Ext*(F' 0L,M)(g5'"-^Ext*(L,M). 

Proof. Using the previous proposition and the considerations at the beginning of this section, 
the extension groups are given by 

Ext* ((F')N Vl, ® Vm) 

^6n Ext* f $((F')["1 ^ Pi), Vm) 



6„ 



^ [H*(X",i??^om(C70. (gL^",C^,®M^"))]®" . 

Applying the adjoint property of the inflation functor for C^, (gL^ ~ Infg^(p^£' (g L^") and 
Danilas lemma we get 



[RHomiC'^. L^", C^. M 



RHom{p\E- ® L^'',p*F- ® M^") 

ie[n] 
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Using the compatibility of the derived sheaf-Hom with puUbacks gives 

Rnom{plE' ® L^",pjF* M^") ~ Rnom{E' 0L,F*0M)M nom{L, M)^""^ 

and 

R'Hom{p\E' L^'^^pIF' M^") 
c^Rnom{E' ®L,M)M nom{L, F' M) M nom{L, M)^"-^ _ 
Now by the Kiinneth formula 

[H* {X'^,Rnom{E' ®L,F'®M)M TiomiL, Af)^""^)] ®™ 

^ \R*{Rnom{E' ®L,F' ®M))®B*{nom{L,M))®'''-^]^^^^ 

^ [Ext*(S' 0L,F' 0M)) 0Ext*(L,M)®"-^]®W 

^ Ext*(^' (g) L, F* (g) M)) (g) S'"-^(Ext*(L, M)) . 

Doing the same for the other direct summand in (*) yields the result. The proof of the second 
formula is again similar and therefore omitted. □ 

Remark 6.18. The above formulas are natural in E*, F' , L, and M, in automorphisms of 
X, and also in pull-backs along open immersions U C X. 

Remark 6.19. By setting L = M = Ox we get the following formulas for non-twisted 
tautological objects 

Ext*(F',F') (g)5"-^(H*(Ox))e 

H*((FT) R*{E') O 5"-2(H*(Ox)) 

Ext*((F*)["], Ox) = H*(X["], ((F')["])^) ^ H*((F*)^) H*(Ox) • 

Remark 6.20. By the same arguments as used in this and the previous subsection we can 
also generalise Scala's formula for the cohomology of twisted tautological sheaves (see formula 
(1.1) of the introduction) to twisted tautological objects. Namely, for every tautological object 
(F*)["] (g) there is a natural isomorphism of graded vector spaces 

H*(XM,(F')M OPl) ^H*(F*(gL)(g5"-iH*(L). 
Also, since (g) Vm — T^-Hom{L,M) for L,M & Pic(X), we have a formula for 
E^t*{VL, (F')["l Vm) = H*(XN, (F')N V^.^f^^M)) ■ 

Remark 6.21. In the case that X is projective one can also directly deduce the formula 
for Ext*((F')W (gp^,Pj^^) by Serre duality from Scala's formula in the form of the previous 
remark and the fact that "D^^^ = ujxM- 

Remark 6.22. Using proposition 16.21 we also get for Ei, . . . , E/., F locally free sheaves on X 
formulas for Ext°(Fi"l • • • , O^M ) as well as for Ext°(Ff ' (g) • • • ® F^"^, fW). For ^ G N 

and M C N let P(M, £) denote the set of partitions I = {/i, . . . , /J of the set M of lenght i. 
Then 

Hom(Fl"l ® • • • 4"'' Oxn) = f (8) ii'{®^eIsET) ^ 5""' H^Ox)) 

iePi[k],i),e<n \s=l / 



Ext*((F')M,(F')M, - 
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and Hom(£'| ^ ■ ■ ■ ® £'|." , is isomorphic to 



(Rom{^,eMEi,F) ® (g) H*(^i67,^/) 5"-^-^ HO(Ox)') ■ 

Mc[fc] V s=l J 

IeP{[k]\M,i),i<n~l 

Again, there are similar formulas for the sheaves twisted by determinant line bundles. How- 
ever, these formulas can not directly be generalized to formulas for Ext* since the corre- 
sponding R T-Lom objects are in general not cohomologically concentrated in degree zero for 
k>2. 

Spherical and P"-objects. Let X be a smooth projective variety with canonical bundle 
ojx- We call an object £' G D^(X) an u>x -invariant object if £* ^ oox — £'■ A spherical 
object in D^{X) is an cjx-invariant object £* with the property 



Ext\£*,£') 



if i = 0,dim(X), 
else. 



i.e. Ext*{£',£') ^ H*(5"^™-^, C), where 5" denotes the real n-sphere. A F'^-object in the 
derived category D^{X) is a wx-invariant object J-'' such that there is an isomorphism of 
graded algebras Ext*(J-'*, J^*) = //*(P", C), where the multiplication on the left is given by 
the Yoneda product and on the right by the cup product. In particular for the underlying 
vector spaces 

Ext^(r,n = |^ if0<^<2niseven 
I if i is odd 

holds. By Serre duality the dimension of X must be 2n as soon as T)^{X) contains a P"- 
object. Spherical and P"-objects are of interest because they induce automorphisms of D^(X) 
(see |Huy06[ chapter 8]). For a smooth projective surface X with ujx = Ox the canonical 
bundle on X^"'^ is also trivial (see remark [6. ISp . Hence, the property of being w^^^in] -invariant 
is automatically satisfied for every object in D^(XW). Thus, one could hope that there are 
tautological objects induced by some special objects in D''{X) that are spherical or P"-objects. 
But this is not the case by the following proposition. 

Proposition 6.23. (1) Let X be a smooth projective surface with trivial canonical line 
bundle and n > 2. Then twisted tautological objects on X'"! are never spherical or 
F"'-objects. 

(2) Let X be a smooth projective surface and n > 3. Then twisted tautological sheaves on 
Xt"] are never spherical or P^'-objects. 

Proof. Let (£")["! (g) Vl be a non-zero twisted tautological object on Xl"l. Then using the 
fact that Hom^L, L) = Ox we have 

Ext*((S*)M ^p^,(^»)N ^Ext*((^')M,(S*)["l). 

Thus, we may assume L = Ox- The graded vector space Ext*((i?*)["l, (E'*)'"!) is given by 
theorem 16.171 by 

Ext*{E*,E*) 5"-^ B.*{Ox) e R*iiE'y) ® R*{E') 5""^ R*(Ox) ■ 
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Uux = Ox we have by Serre duality h'^{Ox) = h^{Ox) = 1- The vector space Ext^{E',E') 
has positive dimension since it contains the identity. Thus Ext'^(£'*, E') (8> S^~^ H*(0x) con- 
tributes non-trivially to the degrees 0, 2, . . . , 2n - 2 of Ext*((£;*)["] , But by Serre du- 
ahty also Ext'^{E',E') is non-vanishing. Thus also Ext'^{E' ,E') S"'-^}i*{Ox) contributes 
non-trivially to the degrees 2, 4, ... , 2n. This yields ext*((£;')W, > 2 for i = 2, 4, 2n-2 
which shows that (g) Vl is indeed neither a spherical nor a P"-object. Now let n > 3 
and -Et"! be a tautological sheaf. Extension groups of sheaves on X can be non-trivial only 
in the degrees 0,1,2. If^W was a spherical or a P"-object then in particular the highest 
and the lowest extension groups, i.e. in dergee and 2n, must not vanish. Since for n > 3 
the term H*(C'x) occurs in both direct summands of Ext*((£")['^l, it follows that 
W{Ox) / for i = 0,2. Furthermore, either Ex.t^{E,E) or (Ext* (S, Ox) O Ext* (Ox, -E))^ 
must not vanish. In both cases ext^(£;W, > 2 since also Ext^{E,E) O S""-^H*(Ox) 
contributes non-trivially to Ext*^(£;["] , ) . □ 

7. YONEDA PRODUCTS AND INTERPRETATION OF THE RESULTS 

Yoneda products, the Kiinneth isomorphism and signs. Let A be an abelian category 
with enough injectives. Recall that for every A* € D^(^) and B' € D^(^) there are nat- 
ural isomorphisms Exe{A',B') ^ HomD(_4)(A', For A',B',C' G D^(^) the Yoneda 
product is the bilinear map Yon making the following diagram commute 

Ext^(5',C') X Ext'{A*,B') — ^Ext*+^(^',C') 



HomD(^)(i?'H, + j]) X HomD(^)(^', B'[i]) Rom^^^^{A' ,C'[i + j]) . 

The second and third vertical arrows are the isomorphisms mentioned and the first is the 
mentioned isomorphism composed with the i-th power of the shift functor of D(^). The 
lower horizontal bilinear map is just the composition law in D(^). In the following we will 
treat the vertical isomorphisms as they were identities and consequently denote the Yoneda 
product just by o. Considering the above products as maps on the homogeneous components 
we get the Yoneda product as a bilinear map of graded vector spaces 

Ext* (5*, C") X Ext*{A',B') A Ext*(^', C) . 

There will occur signs because of the use of the Kiinneth isomorphism. Let X, Y be varieties 
together with objects Al,Bl, C* G I)^{X) and A', B',C' G D^{Y). We consider homogeneous 
elements G Ext*{A',B*) and bi G Ext*{B*,C') for i = 1,2. Then via the Kiinneth 
isomorphism we can interpret the tensor products as elements of the extension groups on the 
product X X Y namely 

ai a2 G Ext*{Al M A^, Bl M B^) , 6i (g) 62 G Ext* {Bl M B^, C* K C') . 

The Yoneda product is then given by 

(&1 062)0(01^02) = (-l)'^'=Sb2dcgai(^^^^)^(^^^^)^ 

where we omit the o for the Yoneda products on X and Y. The occurrence of the sign 
can be seen best when defining the Yoneda product using the cup product (see e.g [HLlOj 
section 10.1.1]). To capture these signs we use the following convention: Let oi, . . . ,a„ and 
bl = On+i, ■ ■ ■ ,bn = a2n be elements in any graded algebraic objects of degree deg(ai) = pi. 
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Let T be a term in which ah the and 6j occur. Let a G &2n be the permutation such that 
after erasing everything in T besides the and bi we get flo— i(i) • • • Oo— i(2n)- Then we set 
e(r) := eo-,pi,...,p2n (^^e section [5]). Let I be a finite set and for each i & I let Ti be a term in 
which all the Oj and hi occur. We define 

Y,T^:=Y.e{T.)-T,. 

In the following we will have such sums where a and b will be replaced by two other letters. 
Then always the first letter from the left in each summand will be the same. This letter is 
considered as a and the other as b. For example if we have xi,X2,yi,y2 all of odd degree then 
• 

= - (xi o yi) (g) {X2 o 2/2) + (xi o y2) (g) (X2 o yi) + {x2 o yi) ® (xi o ys) - {X2 o 2/2) 'Si (xi o yi) . 

Yoneda products for tvi^isted tautological objects. Let E*,F' S D^{X) and L,M be 
line bundles on X. In the last section we computed formulas for Ext*((i?*)l"l (g 1)^,1)^) as 
well as for Ext* ((£'*)["'] S T^l, (F*)W (g) Vm)- It was done using natural isomorphisms 

(1) 

Ext* {{E'P^Vl,Vm) = 6„Ext*($((^')M ®Pl),$(Pm)) = 6„ Ext*(C^. L^", M^") 
respectively 

(2) Ext*((S')W ® Vl, Vm) = &n Ext*(«>((^')W P^), $((F')N Pm)) 

^ 6„ Ext*(C^. ® L^", C7^. M^") . 
There is also a formula for Ext*(I'L, (F*)!"] S'Dm) (see remark [6. 20p using the isomorphisms 
(3) 

Ext*(PL,(F')W ^ 6„Ext*($(PL),$((F')M ^ Ext*(L^", C^. ® M^") . 

Furthermore, the formula 

(4) Ext* {Vl,Vm) ^ 5" Ext* (L,M) 
can easily be proven using the isomorphisms (see lemma lB.lSp 

(5) Ext*(PL,pM) = ©nExt*(^>(Pi),$(PM)) = 6nExt*(L^",M^"). 

In summary, we have formulas for the extension groups Ext* (if*, J^*) on X^"! whenever each 
of £* and J-' is a twisted tautological object or a determinant line bundle. Clearly the Yoneda 
products 

Ext*(7-',^') X Ext*(^', J-*) ^ Ext*(^',^') 

coincide under the Bridgeland-King-Reid equivalence with the Yoneda products 

6„Ext*($(^'),$(6;')) X 6„Ext*($(r),$(j-)) ^ &nExt*m£-),^g')) 

because $ is a functor. Now for locally free sheaves A and i? on X the isomorphism 

['Hom{C'i,C%)f" 4 [?^om(p,g*(AW),p,g*(5M))]6" 

is given by restricting the Sn-equivariant morphisms to the subsheaf p^,q*{A^^^) of and 
observing that the restricted morphisms factorise through the subsheaf p^q*{B^^^) of (see 
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proposition [62]) • Also the isomorphisms [?^oto(C^, Ox")]®" [?^om(p*g*(^["l), Ox")]®" 

and [Hom{Ox",C'^)]'^" ^ [^om(C'x",P*g*(-B'"^))]®" are given by restriction of the mor- 
phisms to subsheaves. Now the isomorphisms on the right hand sides of (1), (2) and (3) 
are induced by those isomorphisms of the sheaf-Homs after choosing locahy free resolutions 
of E* and F'. The composition of morphisms of sheaves is compatible with restricting the 
morphisms to certain subsheaves. This translates into the Yoneda products between the ex- 
tension groups of twisted tautological objects and determinant line bundles coinciding with 
the Yoneda products between the equivariant extension groups of the terms of the form C^. , 
L^^, and Cg. CgiL^" under the isomorphisms in (1), (2), (3) and (5). Now using the Kiinneth 
and Danila's isomorphism we can express the Yoneda products in terms of Yoneda products 
in the derived category of the surface X under the isomorphisms of theorem 16.171 remark 
16.201 and (4) . We will explicitly state and prove the formula only for the case were all the 
objects £*, T* and Q* involved are twisted tautological objects. The other seven cases can 
be done very similarly. For E,F ^ V)^[X) and L,M G Pic(X) we set 



Ext*(S (g) L,F M) (g) 5"-^(Ext*(L, M))( 
Ext* {E(gL,M)(g Ext* (L, F (g M) (g 5""^ (Ext* (L, M)) . 



PiE,L,F,M):- ^ 



Let also be G € T)^{X) and N € Pic(X). We consider the elements 



ip^S2---Sn \ p,p^ ^ ^ Ext*(FM Vm. (g) Vn) 
r? (g) X (g) ts • • • t„7 



In order to use the sign convention above we set 



LP = Sl , T] = ti , X = t2 , ^' = s[ , r]' = t'l , x' = t'2 . 



and assume that all the Sj, s-, U and t[ are homogeneous. Now we can compute the Yoneda 
product (^|f|i3".;j o '"ij in Ext*(^W ®Vl, GN ^P^) and express it as an element 

iiv P{E,L,G,M). 
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Proposition 7.1. The Yoneda product is given by 



o-G6[2,„] 



+ 



(n 


-2)! 




1 


(n 


-1)! 




1 


(n 


-1)! 




1 


(n 


-2)! 



tG6 



[3,n] 



I • 

+ . _ X] («7-H2)??')«'(</'a;')«)(s^-i(3)i3)---('Sr-i(n)4) 

7e®[2,n] 



i=3,.--,'^ 



Proof. The element (^^f^tg.'^.f^) £ G, A'') corresponds to the element 



1 V- 1 

2^ ^--Mi) -'--Hn) ® /^_2V ® • • • ^ 



in Ext*(C^ (8> M^", A^^"). The coefficients are coming from the canonical isomorphism 
gky ^ g^y ^ggg section [21 note that the isomorphism of Danilas lemma does not involve 
such coefficients). The same holds for (^/'^f'/^^/ .*"^/ )• The summand ^ ■ ■ ■ ® s^-i^^) 

is an element of Ext*(pr*(^^ F ® M^", pr*^^^ G 7V^") and t^-i(i) (g) • • • tr-i{2) an element 
of Ext*(pr;(^) F M^",pr;(2) G iV^"). There are five types of composable pairs of the 
components of the classes in Ext*(C^ M^",Cg A^^") x Ext*(C^ O L^",C^ M^") , 
namely 



pr* E (g) L^" ^ pr* F ® M^" ^ pr* G iV^" , pr* E ® L^'" ^ pr* F (g) M^" ^ pr* G ® iV^" , 
pr* F L^" ^ pr* F ® M^" ^ pr* G O iV^'^ , pr* F O L^" ^ pr* F M^'^ ^ pr* G ® iV^" , 
pr* F (g L^" ^ pr* F ® M^" ^ pr^ G (g 7V^" 
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with i,j,k € [n] pairwise distinct. Thus, the Yoneda product in Ext*(C^ ® L^", (g) iV^") 
looks Uke this : 

1 * 1 * 

Yl C=l(ga-l(0^a'-lw)+ (^_2)|2 «'r=l(^r-l(i)C'-l(i)) 
a(l)=a'(l) r{2)=r'(l),r(l)=r'(2) 
1 ' 1 * 

+ (n-l)!(n-2)! ^ ®^=i^*-^«"'-'-^»^ + (n - l)!(n - 2)! ®r=i(^.-(.)<'-i(.)) 

r(l)=<7'(l) a(l)=r'(2) 

(6) 

+ (n-2V^ S ®r=i(*r-i{i)i^'-i(i)) • 

r(l)=r'(2),r(2)^r'(l) 

The first term of (6) is a ©^-invariant element of e^^^ Ext* {p*E L^"-,p*G (g) N^""). Danila's 
isomorphism is simply the projection to the first summand. Thus, it maps the first term of 
(6) to 

j2 C=i(^<x-iW<'-i«) e Ext*(pti?»L^",ptG® iV^") 

a(l)=a'(l) = l 

Under the isomorphism Sn-i Ext*(L, N) ^ Ext*(L, N) this element is mapped to 
— -— (<^V^')®(52s;-i(2))---(5n4-i(n)) eExt*(^0L,G0 7V)^5"-iExt*(L,iV) 

which is exactly the first term of the formula we want to prove. Doing the same for the other 
four terms in (6) yields the desired element in P{E, L, G, M). □ 

Remark 7.2. Let D, E,F,G € D''(X) and L,M,N € FicX. By remark [5T8] for a morphism 
if G Homj-jbj^^-) (i?, = Ext*(£', F) the induced morphism 

(g) id©,,, G Ext*(FW (g) Vm, F''"' ^f) 

corresponds to 

For M = Ox this shows that the tautologizing functor is faithful but not full. Let 

7]' ® X' (g) ty ■ ■ in) \ri (g) X ^t^ - ■ ■ tnj 

Then the formula for the Yoneda product gives back the naturalness of the isomorphism in 
theorem 16.171 special case since 

1p'S'S2--- Sn \ ^ f"^® i^Af • • • idAf\ _ / ll^if (S> S2 ■ ■ ■ Sn 

yT] ^x<Sih - ■ ■ tnJ \ J \r]ip ® X (g) is • • • 

V (X) idM ■ ■ ■ idi/X / ip' ^ s'2 ■ ■ ■ s'n \ _ f Vi'' ® ^2' " ^'n 
) ° \r]' ^x' ®t'^---t'J ~ \q' ®Lpx' ®t'^---t'^ 
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